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§ 1. Beeneunue

Hacrosimast craTbst CJIy?KUT BTOPOIl 9acCTbIO PAOOTHI, IIOCBAIIEHHON U3y YEHIIO
OTJEJIMMOCTH KOPHEBBIMU KJIACCAMHU I'PYIII KOHEYHO IIOPOXKJIEHHBIX a0eJIeBBbIX IIOJ-
rpyun dbyHIaMEeHTAIbHBIX MDYy rpadoB rpymui. B nepsoii yactu [1] 6buiu gokazanbt
TeopeMa O CTPYKTYPE YKA3aHHBIX MOATPYIII U PsiJi BCIIOMOTATEIbHBIX Y TBEPKICHU.
3/1ech ¢ UX MOMOMIBIO OYJIyT MOJYyIEeHBI JBA JIOCTATOYHO OOIIUX KPUTEPHS OT/EJIH-
MOCTH HOAIPYIII PACCMATPUBAEMOTO THIIA.

IlonsiTre oTaenuMoit TOMAITEOPHI W, B YACTHOCTH, HMOJATPYIIIHI OBIIO BBEICHO
A. 1. Masbnesbiv [2]. CornacHo JaHHOMY MM OIIPEJIEJICHUIO TOArpyia Y rpybl X
HA3BIBAETC omdeaumoli B ITOI Ipymue kaaccom epynn € (wiu, Kopode, € -omde-
aumoti B X)), ecau jgist yioboro snementa € X \ Y maiigerca romomopdusm o
rpynmbl X Ha TPYNIlY U3 Kiacca €, yaoBjaerBopsonmit ycaosuto ro ¢ Yo. Orme-
THM, 9TO IOHATHE GNNPOKCUMUPYEMOCMU ABJISTETCHA JACTHBIM CJIydaeM OTIEIIMMOCTH,
[TOCKOJIBKY aIlIPOKCUMUPYEMOCTD IPYyIIibl X KJIACCOM 6 PABHOCHIIBHA 6 -OTIEJINMO-
CTH ee eIMHUIHON moArpymmbl. HamoMHUM Tak»Ke, ITO OT/IEIMMOCTD KJIACCOM BCEX
KOHEUYHBIX I'DYIII HA3BIBAETCs, KAK U AIMIPOKCUMUPYEMOCTD, PUHUMHOU.

XopoImo u3BeCTHO, ITO B KOHEUHO ONpEJEIeHHON IpyIe (DUHATHAST 0TI~
MOCTb IIOJI'DYIIIBI O3HAYAET PA3PEIINMOCTD AJIOPUTMHUYECKOI IPOOJIEMbI BXOXK/I€e-
HU$ JIEMEHTa B JAaHHYIO moarpymnmy. lloMuMO 3TOTO OTIeIMMOCTh TeX MM HMHBIX
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TIOITPYTIT HEPEJIKO OKA3BLIBAETCS OTHAM M3 HEOOXOAUMBIX U (M) TOCTATOTHBIX YCIIO0-
Buil anmpokcumupyemoctu. OCoGEHHO YacTO TaKas B3aMMOCBA3L OOHADYKUBAETCSI
IpU M3YYEHUH AINIPOKCUMUPYEMOCTH PA3JIMYHBIX TEOPETUKO-TPYIIIOBBIX KOHCTPYK-
it (eM., Hampumep, [3-12]).

Kopuesbie kiaccol rpynin Obumm BBeleHbl B paccMmorpenue ['proonbeprom [13],
U MCIIOJIb30BAHIE 3TOT0 NOHATUSA OKA3aJI0Ch BECbMA, IIPOLYKTUBHDLIM IIPY UCCJIEI0BA~
HUU aIIIPOKCUMUPYEMOCTH CBOOOHBIX KOHCTPYKImit rpym (eM. [6, 8, 11, 12, 14-17]).
[TosTOMy M3y4eHue OTIACTUMOCTH HOAIPYIIT TAKAX KOHCTPYKIUI KOPHEBBIME KJIAC-
CaMH TIPEJICTABJIAETCS BIOJHE OINPABIAHHBIM, OCOOGEHHO BBHIY OTMEYEHHOH BBIIIE
B3aUMOCBSI3U C YCJIOBUSMHI AIIPOKCUMHPYEMOCTH.

HamomuuM, 9T0 COTJIACHO OJHOMY U3 PABHOCUJILHBIX OIIPEJIEICHI COmepKaniuit
HEEeJIMHUIHBIE TPYIIBI KJIACC TPYII 6 Ha3bIBACTCSI KOPHEBLLM, €CIH OH 3aMKHYT
OTHOCUTEIHLHO B3ATHS MOATPYII, PACIINPEHUN W AEKapPTOBBIX MPOU3BEJIEHUN BHUIA
Her Xy, tne X, Y € € u X, — uzomopdnas Kouusd rpymsl X A KazKIOro
smemenTa y € Y [18]. TlpumepamMu KOPHEBBIX KJIACCOB MOTYT CIIYKUTH KJIACCHI
BCEX KOHEYHBIX IDYI, KOHEYHBIX p-Ipyni (rje p — IPOCTOe YHUCHIO), HepUOIude-
cKux P-rpyinn KoHeIHOro nepuoja (rie P — Helycroe MHOKECTBO IIPOCTBIX YUCE),
BCEX pa3pelnMbIX TPYIIT U BeexX rpymnn 6e3 kpydenus. HerpymaHo mokasarh Takike,
YTO eCJIN [IEPEcedeHre CeMeICTBa KOPHEBBIX KJIACCOB I'PYIIIL COJAEPKUT HEeTMHIIHY IO
IPYIILY, TO OHO CHOBA SIBJISIETCS KOPHEBBIM KJIACCOM.

Bcrony nanee, ecim B — HEKOTOpPOE MHOXKECTBO MPOCTBIX IHCEN, TO 4depes I’
Oymem 0003HAYATH MHOXKECTBO BCEX IIPOCTHIX dnces, He npuHa iexkamux . Lemoe
9UCII0 OyIEeM Ha3bIBATH P-4Uc.A0M, €CIIH BCE €0 MIPOCTHIE IEJINTEIN COEPKATC B 3.
HamomuuMm, uro noarpymmna Y rpymust X HaswsiBaercsa B’ -usoauposarnoti B 3TOM
IpyIIe, €CJIU IS KaXKJI0ro 3JieMenTa & € X | JJIg KaxKI0ro unciaa g € P’ u3 skio-
genua x4 € Y caenyer, yro x € Y. Ecau JP’-uz0upoBanuoii aBJsgeTcs equHuaHAS
MoArpynna rpynmbl X, TO TOBOPAT, 9TO yKa3aHHas rpynmna ne umeem P -xpyue-
HuA. OTMETHM Tak2Ke, 9TO ecyu 3 COBIaIaeT ¢ MHO2KECTBOM BCEX IPOCTHIX UUCET,
TO Jr00as MOArpyIIIa OKasbiBaeTcs 3’ -n30/1MpOBaHHOI.

Eciu kmace € cocrouT m3 mepuoguvuecKux rpymi, To depes P(E) Gyaem 060-
3HAYATH MHOXKECTBO BCEX MPOCTHIX JEJIUTENEH MOPSIKOB 9JIEMEHTOB IPYIII U3 KJIAC-
ca €. na ynpomenusi hbOpPMyIUPOBOK YTBEPXKJICHHUNA OyJIeM CUATATH, UTO €CJIN
KJIACC € COEPKUT XOTsI OBl OJ[HY HEMEPUOANIECKYIO IPyIILy, TO P(€’) — 910 MHOKE-
CTBO BCEX MPOCTHIX unces. VI3BecTHO (cM. mpemioxkenue 4.1 HuxKe), 4T0, KAKAM OB
HU OBbLI KJAacC Ipynn %, W3 OTAEJIMMOCTU TOJACPYIIIBI 9TUM KJIACCOM CJIEIAYET ee
B(€)'-n30mmposanrocTh. [109TOMY CBOMCTBO € -0TIETUMOCTH HMEET CMBICJI U3y JaTh
Junnb B orHomeHuu B (% ) -u30/IMpOBAHHBIX TIOArPYNII 1 OOOOIIEHUEM YTBEPK JICHUST
0 PUHUTHOI OTAEIUMOCTU BCEX IOAIPYIN HEKOTOporo Tuna 1’ (Hanpumep, IUKJIU-
YECKHUX) OKa3bIBAETCSl YTBEPKIEHNE 0 6 -0TaeaumMoctu Beex P (6) -usomupoBanHbIx
noArpynn tuma 1.

OCHOBHBIM METOJIOM HCCJIEJIOBAHUS AMTPOKCHUMUPYEMOCTH KOPHEBBIMHU KJIACCA-
MU CBOOOMHBIX KOHCTPYKIUI TPYIMIT CJOYXKUT TaK HA3BIBAEMBIN «(DUIBTPAIMOHHBIIH
noxxomy Baymcsara, nepBoHAYAIBHO IPeJIoXKeHHbIH B [19] mius usyuenus: dbunnT-
HOU AIlIIPOKCUMUAPYEMOCTH 00ODIIEHHBIX CBOOOTHBIX IIPOU3BE/IEHIIT IBYX IPYIIIL U 3a-
TEeM PACIPOCTPAHEHHBINH HA JPYyrHe KOHCTPYKIUMHM U AIPOKCUMUPYIOIINE KJIACCHI.
Kum mokazas, Kak aHAJOTHYHBIE PACCYKJIEHUsI MOTYT OBITh MPUMEHEHBI JIJIS JI0-
Ka3aTeIbCTBa, (DUHUTHON OTIEJIUMOCTH BCEX IUKJIMIECKUX TOATPYII 0600IIEHHOTO
cBobozHoro npousseienus aByx rpyi [20] 1 HNN-pacupenus ¢ 0nH0i 1poxoaHoii
Gyxsoit [21]. B [22-24] aTu umen 6bun aIANTUPOBAHBL JJIsl U3y UEHUS OTIEIUMOCTH
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KJIACCOM KOHEUHBIX P-TPYIII, TJI€ P — HEKOTOPOE IIPOCTOE YHCJIO, U PACIPOCTPAHEHBI
Ha cJIydail, Korja He 00s3aTeIbHO BCe MOAIPY B CBOOOIHBIX MHOXKUTE IEH 1 6a30-
BOl TpymIbl stBIstioTcst oTaenuMbiMu. CpasauresbrHo HemasHo Toxoy n Kum [25, 26]
MMOKA3aJId, KaK MPUMEHUTDH (DUIBTPAIMOHHBIN TOIX0 /I JOKA3aTeIbCTBA (DUHUT-
HOI OTJEIMMOCTH BCEX KOHEYHO MOPOXKIEHHBIX abeJIeBBIX MOATPYII ABYX yKa3aH-
HBIX BbIe KoHCTpyKiuii. Haxonen, B [17] MeTon u3ydenus alipoKCUMUDPYEMOCTH
Baymcnara 6b11 pacupocTpaHeH Ha CJIydail IPOU3BOJIBHOIO KOPHEBOI'O AIIIPOKCIMU-
PYIOIIEro Kjacca rpynl U pyHIaMeHTAJIbHONU IPYIIIIBI IPOU3BOIBLHOTO I'Pada IPYIIIL.
B nacrosireit pabore Bce mepedncieHHbIe Uien 00 beTUHIIOTCS JJIsT TTOJTYI€HUs OTIH-
CaHWsI KOHEYHO MOPOXKIEHHBIX a0eJIeBbIX MOAIPYII (DYHIAMEHTAIBHON I'PYIIIBI Ipa-
da rpyI1i, OTAeMMBIX HAepe] 33 JaHHBIM KOPHEBBIM KJIACCOM T'DYIIIL.

Korma peus uzmer o HEKOTOPOI TEOPETUKO-TPYIIIIOBOI KOHCTPYKIINH, HanboJee
€CTEeCTBEHHBIM OKa3bIBAETCs BOIIPOC O TOM, IIPU KAKUX YCJIOBHUAX JIaHHAS KOHCTDYK-
I[UsI HACJIEyeT TO WJIM WHOE CBOWCTBO OT I'PYIII, U3 KOTOPBIX OHA COCTABJIEHA. 3a-
Jlada, perraeMasi B HACTOsAIIeH paboTe, BBITVISIUT CJIELYIONUM 00pa3oM: Tpedyercs
[OJIYy YUTh KPUTEPUIl OTIEJIMMOCTH KOPHEBBIM KjtaccoM rpyit 6 P (€ ) -uzonuposan-
HOI KOHEYHO TIOPO2KIEHHO1T abesieBoil moArpy bl (byHIaMeHTAJIbHON rpy bl rpada
CPYII IPU YCJIOBHUH, YTO AHAJOIUYHBIE KPDUTEPUU U3BECTHBI JJIS BCEX BEPIIUHHBIX
rpynn manHoro rpada. IlosyueHHble B 9TOM HaIpaBJIeHUN PE3YJIbTATHI CHOPMYIIH-
poBaHbI B §2, 3, a UX T0KA3aTE/JHCTBA IPUBOIATCS B § 4-8.

§ 2. OcHoBHbIE Pe3yJbTaThl

Bynem ucnosbzoBarh Te e 0003HaueHust, 9ro u B [1]. A umeHHO, 70 KOHIA
cTaThu Oy/IEM CUATATD, ITO

a) I' — HemycTOlt HEOPUEHTUPOBAHHBIN CBsI3HBII Tpad ¢ MHOXKECTBOM BePIIUH ¥
U MHOXKECTBOM pebep & (IOIyCTUMBI T/ U KPaTHbIe pebpa);

6) J — mekoropoe bUKCHPOBaHHOE MaKcuMaJbHOoe jiepeso B rpade [ ¢ MmHO-
KECTBOM pebep &7 ;

B) ¢(I") — opuenTnpoBanHbIi rpad rpynm Hag ', B KOTOPOM KaxK 10l BepIuHe
v € ¥ comocraBiieHa HEKOTOpast rpymna G, a KaxjaoMy pebpy e € & — HampaBJie-
nue, rpymnmna H, 1 HHbEKTUBHBIE TOMOMOPMU3MBI

preiHe = Gery, et He = Ge1y,

ryie e(1) u e(—1) — Bepruunst rpada ¢ (T'), asasiomuecs KoHnamu pedpa e;
r) & — dyngamenranbuas rpynmna rpada rpynn 4(I') ¢ coorBercTByOMUM
JnepeBy 7 NpeACTaBJICHIEM

Gv (U € 7/)7 he‘zDJre =hep_. (e € &z, h, € He)?
te (e€ E\E7)| t. hopycte = hop_. (e€ E\Eg, h, € H,)

Ipynner G, (v € ¥') GyeM HA3BIBATD 6EPWUHHLMU, TOATPYTIBL H o = Hop e
u H . = Hop_o — pebeprvimu. Eciim ¥ — npousBoJibHBI KJiace rpynn u X —
HEKOTOpasl rpyia, To uepe3 ¢ * (X ) GymeMm 0603HaIATE CEMEHCTBO BCEX HOPMAJIBHBIX
moarpymnit rpynmbl X, (haKTOP-rPyIbl M0 KOTOPBIM MPUHAJIEKAT KIaccy € .
[TepBbIM U3 PE3YILTATOB HACTOSIIEH CTATHYU SBJISIETCS

Teopema 2.1. Ilycrs € — KOpHEBOH KJacc I'DYIII U CYILECTBYET I'OMOMOP-
¢uzm rpynner & Ha rpyIny U3 JAHHOTO KJacca, JeHCTBYIOIIHE HHHEKTHBHO Ha BCEX
BepiuHHBIX rpynnax. Torga kaxaas P (€) -uzommuposannas nogrpymnna rpymisl &,
VJIOBJIETBOPSIIOIAST HEKOTOPOMY HETPHBHAJIBLHOMY TOXKIECTBY, €-0T 1€ IMMa H, B 9ACT-
HoctH, rpynna & € -anmpokcuMupyeMa.
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OTMmeTnM, 9TO JOCTATOYHBIE YCAOBHUS CyIIECTBOBaHUS roMoMopdu3Ma u3 Gop-
MyJIMpOBKH Teopembl 2.1 Haiinens! B [6,8,11,12,16,27]. B [28,29] obcyxmaercst Bo-
IIPOC O PABHOCUILHOCTH HAJIMIHS TAKOTO TOMOMODPMU3Ma U 6 -alIPOKCUMUPYEMOCTH
rpynnst &. TIpexje, yeMm mepeiTu K OMUCAHUIO PE3YIbTATOB 00 OTAEJUMOCTH MO
rpymi rpynnsl &, MoJyYeHHBIX B CJIydae, KOrJa YKa3aHHOTO TOMOMOPGhU3Ma He Cy-
[IECTBYET, MPUBEJIEM OJIHO YTBEPKJIEHNE, BBITEKAIOINIEe U3 TeopeM 1, 3 u mpeJiiozKe-
Hust 2 crarbu [17].

Teopema 2.2. Ilycts € — KOpHEBOIl KJIaCC TPYIIIL

I. I'pynna & €-annpokcuMupyema, eCJid BhIIOJHSIIOTCS CJACAYIONIHEe YCIOBUSL:
(Y Ywev Nyew @)V NGy) =1;
(iil) Vee &, ¢ = %1 ﬂNe%’*(@) HEE(N N Ge(s)) = H,..

II. IIycrs cupasemmuBo yrBepxkiaenue (x): mas mobbix v € ¥, M € €*(G,)
cymecrByer noarpymma N € €*(®) rakas, uto N N G, < M. Torma rpynna &
€ -anmpokcuMHUpYyeMa, eCJIH BBIIOJIHSIOTCS CACAYIOIHAe yYCAOBHS:

(i2) Bce rpynnbr G, (v € V) €-annpokcaMupyeMsr;
(i) st moberx e € &, € = +1 nogrpynna H,. € -oraemnva B rpyimie Ge(e)-

Ormernm, uro ycnosus (i') u (ii') sBisores crabeifimmi u3 Tex, TP KOTOPBIX
yIIOMUHABINHUIICA BbIe (PUILTPAIMOHHDIA MeTod, BayMciara MoKeT ObITh IIPUMEHEH,
7 IIOTOMY HMEIOT MECTO BCAKHIT Pa3, KOIJa alllpOKCUMHPYEMOCTh IPyIIbl & 10Ka-
3BIBAETCH C TIOMOIIBIO JAHHOTO MeTosa. OHAKO OHU 3aBUCAT HE TOJIBKO OT CBOHCTE
BEPIIMHHBIX TPYIII ¥ COIEPKAININXCA B HUX PEGEPHBIX IOArPYII, HO U OT TOrO, KaK
ycrpoena rpymmna & B 1esgoM. Eciu BBIIOIHSAETCS yTBEPKIeHNE (), TO YKa3aHHBIE
YCIIOBHSA IIPEBPAIIAIOTCA B GoJiee MOHSATHBIC U HE CBA3aHHBIE ¢ TpyIoil & TpeboBa-
must (i2) u (ii?). IIpu 9TOM BBHIY HPHBOIMMOrO HIZKe HpeyIozenus 6.1 yrBep:xie-
HUIO (%) MOYKHO JIATh U APYTYI0, 60JIee MPOCTYIO C TOUKU 3PEHNUST €r0 JOKA3aTEIbCTBA
dopmyuposky. Bmecre ¢ TeM yKazaHHOE yTBEPXKJEHHUE, MO-BHIUMOMY, HE CJIEIy-
er u3 orpammuennii (i'), (ii') ¥ mMOTOMY TOTHOCTBIO OTKA3ATHCS OT HCIOIB30BAHILS
MIOCJIeTHUX, BOODIIE TOBOPSI, HeJIb3sl. BoJiee moapobHOe 00Cy XK IeHne yCI0BHil Teope-
MBI 2.2 npusoguTcs B [17].

IMycrs € — mekoropsiit kiaace rpynn u (X,Y) — mapa noarpynn rpynust &.
PaccMoTpuM clreAyIomuii Habop yCI0BHii:

(A%) X — KOHEYHO HOpOXK/eHHast abeseBa MOArPyIIa HeKOTopoil rpymmst Gy,
(we?),Y =1;

(u%) X — KOHEYHO TOpOK/IeHHas abeseBa MOoArpyIna HeKOTOpoit rpymmbl H,
(e € & ¢ = £1), Y — beckoneunas mukimdeckas noarpymma, ¥ N Geey = 1 u
[X7 Y] =1

(A\y) cupaseanuso ycmosue (A\%), noarpynna X B(%)'-usosmposana B rpyn-
e Gy, H0 [y eq(o) X (N NGy) # X;

(13) cupasegymso yciosue (p), noprpynma X B(%€)'-usosmposana B rpyn-
e Ge(6)7 HO ﬂNe‘@”*(@j) X(NN Ge(a)) + X

(A2) cupasemmuso ycmosue (A%), noarpymna X 9B(%)'-msosmposana B rpyn-
ne G, HO He ABJIACTCH 6 -OTIeUMOI B 3TO IpyIIIe;

(1) cupaBenymso ycnosue (p), noarpymma X B(€)'-msoimmposana B rpyn-
e G(), HO He fABJIsIeTCa 6 -0T/Ie/IMMOil B 9TOl TpyTIIe.

O6o3naunM 1epes DL (B) (0 < k < 2) ceMelicTBO Beex Iap HOAPYIIL Ipynsl &,
yaoBsersopsiomux ycaosmio (L) wm (pk), n nonoxnm

AL (6) = {XY | (X,Y) € DE(S)].
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Cortacuo [1] noxrpynna A rpymusl G KOHEYHO HOPOXKIEHHAs abejeBa TOra
U TOJILKO TOrJIa, KOIJIa OHA COIPSXKEeHa C HEKOTOPOH MOATrPYIIION U3 ceMelicTBa Ql%(@).
OCHOBHBIM pPE3yJILTATOM HACTOAIIEH PABOTHI SIBJISIETCs

Teopema 2.3. Ilycre € — KOpPHEBOI KJiacC IPYIIIL.

I. Ecim somosmstorcs: ycaopus (il), (iil) "3 (PpOpPMYJTHPOBKH TEOPEMBI 2.2,
o PB(€) -u30/mpoBaHHas KOHEUHO MOPOXKAEHHas abejeBa HOArpymna rpyibl &
€ -oraesuMa B 9TOI IpyIIe TOI/Ia H TOJIBKO TOIJIa, KOIJIA OHA HE COIIPSI?)KEHA HH C Ka-
Koif moarpymioii uz cemeticrba AL (S).

II. IIycrs cupaBegmuBo yrepikaenne (x) u BomoaHsiorcs yceaosas (i2), (i)
u3 popmymposku teopemsr 2.2, Torma B(€) -u301mpoBaHHAST KOHETHO MOPOXKIICH-
Has abejieBa moJrpymnma rpynibl & €-orgesnma B TOH rpyliiie TOLga H TOJBKO
TOIZa, KOIZja OHA He COIpPSKEeHa HH C Kakoi moArpynnoii ms cemeiicrsa AZ(®).
B wacrHOCTH, ec/iu Karkaasi BEpUIMHHAS TPYIIA 00J1aaeT CBOUCTBOM 6 -OTIe/IMMO-
cru Beex ceoux P (€)' -n30mpoBaHHBIX KOHEUHO ITIOPOXK IEHHBIX a6eJIeBbIX HOIPYIIL,
TO JJAHHOE CBOHCTBO HMEET MeCTO H JJis rpyIibl B.

IIpuBeeHHASA TEOPEMA YTBEPKIAET, 9TO €CJIM AIIPOKCAMUAPYEMOCTh TPYIIIBl &
KODHEBBIM KJIACCOM % YCTAHOBJIEHA ITyTeM ITPOBEPKU YCIOBHi TeopeMbl 2.2 (a B OUeHb
MHOTHX CJTyJagx UMEHHO TaK W TIPOUCXOMIAT ), TO «BECIUIATHBIMY JIONOJTHEHUEM K Heit
OKa3bIBAETCA TO UJIM MHOE OIHCAHUE % -OTJEIUMBIX KOHEYHO MOPOXKICHHBIX abese-
BBIX HOAIPYIIT JaHHOI rpymmsl. B HekoTopsix ciryuasx yeosus (iY), (it) mwm (12), (ii%)
PABHOCUJIBHBI % -anupokcuMupyeMoct rpymsl & (cm., manpumep, [17, 28, 30]),
U TOTJa KPUTEpHUl € -OTAEJMMOCTH KOHETHO MOPOXKIEHHONW abesIeBoil IOy IIThT
9TOI TPYIIBI BBHITEKAET U3 €€ % -allllPOKCUMUPYEMOCTH BHE 3aBUCHMOCTH OT TOTO,
KaKHM CIIOCODOM IIOCJIEJIHSIs ObLIa JJOKA3aHa.

Ormernm, uto cemeiicto AL (®), kak u yesosus (i'), (i), sasucur or yerpoii-
crBa rpynust & B nenom. Uro ke Kacaercs cemeiictsa AZ(B), am1s ero onucaHus
TpefyeTcst 3HATH JIUIb KpuTepun 6 -oraeanmocty 3 (6) -u301mpoBaHHbIX KOHETHO
HOPOXKAECHHDBIX abeJIeBBIX HOAIPYII B BEPIIUHHLIX Ipymmax. Takum o6pa3oM, yTBep-
xkaenue II Teopembl 2.3 maeT 4acTUUHOE pellleHue 3a/a49u, ITOCTaBJIEHHON B KOHIIE
IpeIbLIyIIero maparpada.

[MonsTHO, YTO TeopeMa 2.3 MPEIOCTABISET U OMUCAHUE 6 -OTICJTUMBIX TUKJIN-
yeckux noarpyun rpyuns &. ChopMyaupyeM ero siBHbIM 00pa30M.

ycrs BL(B) u BL(B) — cemeiicTBa TUKIMIECKIX HOIPYIL, OIIPeeIeHHbIE
CJTEJIYIONIM OOPa30M:

1) Z € BL(S) Torma n Tonbko Torma, Korga Z — P(€) -uzommposannas 1o
rpyIa HeKoTopoit rpymist Gy, (v € ¥) raxas, 9To (\yeq-(g) Z(N N Gy) # Z;

2) Z € BZ(S) Torua u ToIBKO TOMA, Koraa Z — P(€) -uzommposannas 1o/1-
IpyIna HeKoTopoit rpynmsl Gy, (v € ¥), He aBJIIOMAsACs G-0TIeJUMON B 9TOM I'PYIIIE.

Caencreue 2.4. Ilycre € — KOpHEBOH KJiacc IPYIIIL.

I. Ecim somosmstorcs: yeaopus (il), (iil) "3 (POPMYJIHPOBKH TEOPEMBI 2.2,
10 P(%€)'-u30/mpoBannas HUKIHIeCKas MOArpyiia rpyuinsl & €-orgeanma B 910
rpyIme Torja M TOJBKO TOIJA, KOIjia OHa He CONpPSI’KeHa HU C KaKOH IIOATDYHIION
u3 cemericrsa BL(6).

II. IIycrs cupaBegmuBo yrepikienne (x) u BomoaHsiorcs yeaosas (i2), (i)
u3 opmysmmposku reopembl 2.2. Torna PB(€) -uzomupopannas MUKIAIECKas MOJI-
rpymma rpynmsl & é-oTaennMa B 3TOH IpymIie TOTAa H TOJBKO TOTAa, KOIJa OHA
He colpsiKeHa HH ¢ Kakoif 1moJrpymmoii uz cemeticrsa B2,(8). B wacrHoctn, ec-
JIH KaKJiasl BEPIIHHHAS TPy 06JIaJaeT CBOHCTBOM 6 -OTAEJIHMOCTH BCEX CBOHX
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PB(€) -u30MPOBAHHBIX NUKIAIECKUX HOATPYHII, TO JAHHOE CBOHCTBO HMEET MECTO
u j1s1 rpymisl 6.

Ormerum, uro yreepxkiaenue II reopembr 2.3 0606imaer Teopemy 2.10 u3 [25]
u teopemy 3.6 u3 [26], a cinencreue 2.4 — reopemy 2.2 u3 [21], reopemy 1.1 u3 [20],
TeopeMsl 1, 2 u3 [24] u Teopemsr 2.2.2, 2.3.2 u3 [23]. U3 nepeuncyieHHbIX 06061a6MBIX
YTBEPKIEHUH B NIEPBBIX MIECTH PEUb UJET O (DUHAUTHOH OTJEIUMOCTH, B HOCIIEIHIX
JBYX — 00 OTJeJIMMOCTH KJIACCOM KOHEYHBIX PB-rpymi, rie P8 — Ipon3BoIbHOE MHO-
JKECTBO IIPOCTBIX IHCEIL.

§ 3. HekoTopble IMpUJIO>KEHUS

IIpuBesieM HECKOJIBKO NPUMEPOB IPUMEHEHUsI TeopeMbl 2.3 K yHIaMeHTasIb-
HBIM IpyImmaM rpadoB rpynn ¢ IeHTPAJbHBIMU pebepHbIME HOArpymmaMu. Vmeer
MECTO

Teopema 3.1. Ilycrs g a0bbix e € &, ¢ = +£1 moarpynna H,. Jie2KaT B 11€H-
rpe rpynnbl Geey 1 Geey # Hee. Ecom rpynna & annmpoKCHMHPYeTCsT KODHEBBIM
kaaccom €, 1o P(€) -uzo/mmpoBannas KOHEUHO ITOPOXKICHHAsT abeJieBa IOArPyIIa
9TOH rpynnbl € -oTaeuMa B Hell TOrja U TOJBKO TOIJA, KOTJa OHA HE COIPSIXKEHA
HH ¢ KaKoii moArpynnoii nuz cemeiicrsa AL (8).

OTmernM, 9TO HaHHAS TeOPEeMa He HAKJIAIbIBAECT Ha rpad TPy IPaKTUIECKH
HUKAKNX OFPAHWYEHUN, KPOMe IEeHTPAJIBHOCTH pebepHbix moarpynn. OmHako B ee
dopMysupoBKe pUrypupyer BeCbMa CJIOXKHO YCTPOEHHOE CeMeHCTBO Qlclg(@). IIpu-
BOJIMMBIE faJiee TeopeMma 3.2 U caeacTBusd 3.3, 3.4 MpeabsaBidioT K rpady rpym
OoutbItie TpebOBaHUA, HO JAIOT O0Jiee TPOCThbIE B IPUMEHEHUH KPUTEPUU OTIETUMO-
CTH, OCHOBAHHBIE Ha UCIOJIb30BaHUN ceMeiicra AZ (B).

Bynem rosoputs, uro rpad rpyun ¢4 (I') umeem mun (t) (t = 1,2), ecau st Jiio-
60it BepIMHLL v € ¥ TOATPYIIIA

H, =sgp{H: |e€ &, e ==£1, v=ore(e)}

JIEXKUT B HeHTpe Ipynnbl Gy, U BBIIOJIHIETCS CBOUCTBO (t) U3 cieyiomero Habopa:

(1) xaxmas noarpynna H, (v € ¥') npencrasisier coboit mpsiMoe IPOU3BEICHNE
MOPOXKJIAIOIIHUX €€ TO/IPYIIIL;

(2) rpad I gaBisiercs jiepeBoMm.

[Iycts € — mpousBoJIbHBIN Kjace rpymm, X — HEKOTOpas rpymna u Y — ee
moJrpynmna. BygeMm roBoputb, uto rpynma X % -peeyasapna no nodepynne Y, ec-
s jgist o6oit nonrpynmet M € €*(Y) cymecrsyer nmoarpymna N € €*(X), yuo-
BiieTBopsomast ycjaosuto N NY = M. OrMerum, 4To CBOWCTBO % -peryJisipHOCTH
TECHO CBSI3aHO C ©-OTJEIUMOCTBIO U 000BIIAET MOHSITHE MOUHO20 INEMEHME, BBE-
JieHsoe B [31].

Teopema 3.2. Ilycrs € — KOpHEBOii KJIACC I'PYII, 3aMKHYTBIH OTHOCHTE/IHHO
BasTust paxrop-rpynt, H.. # Ge(e) 1 Beex e € &, € = £1 u BpmoTHACTCS XOTS ObI
OJIHO U3 CJIEIYIONIHX YCJIOBHIA:

1) 4(") — komeusnniii rpac rpynn tuna (1) u st 6ol BepmmHbl v € YV
rpymma G, € -peryaspua no noarpynme H,;

2) 9(I') — wowmeunnrii rpa¢g rpynn tuna (2) u s aobbix e € &, ¢ = +1
rpynna Gy €-perymapua mo noarpymme He.

Eciu rpynna & ¢ -annpokcumupyema, 10 PB(€) -uzo/mpoBannas KOHEYHO 10~
poxkeHHas abeseBa noarpymma rpymsl & € -oTaemMa B 9TOH rPyIIIe TOTAA U TOIb-
KO TOrJa, Korjja OHa He COIIPAXKeHa HU C KaKOH IOATrpYIIIOH U3 ceMeicTBa Ql?g(@)
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[Iycts ¥ — npousBosbHBIN Kjace Ipynn u A — HekoTopas abejeBa Tpymma.
ITpumaproti P(€) -xomnonernmoti mepuomuaeckoit uactu rpymmnsl A GyjemMm HA3BIBATH
NPUMAPHYI0 KOMIIOHEHTY, COOTBETCTBYIOILYIO dnciay u3 MHOKecTBa P(%€). Bymem
TOBOPUTD, 4TO rpymma A € -ozpanuvena, ecaiu B MPOU3BOJILHON ee haKTOP-TPYyIIIe
Kaxkag npuMapHas J3(%€)-KoMIIOHEHTa IePUOMIECKON YACTH UMEeT KOHEYHbIH 11e-
PHUOJ, ¥ MOIIHOCTh, HE MPEBOCXO/ISILYI0 MOIIHOCTH HEKOTOPOit € -rpynimbl. Hubmo-
TEHTHYIO I'PYIIIY HA30BeM % -o2panuyerhol, eCau oHa 00IaaeT XOTs Obl OJJHUM KO-
HEYHBIM [IEHTPAJILHBIM PSIJIOM € 6 -orpaHndeHHbIME abeneBbiMu dakTopamu. Kirace
% -orpaHMYEeHHBIX HUJIBIIOTEHTHBIX Pyl OyueM ob603HadYarh depe3 6-ABAN . Orme-
THM, YTO €CJIU KJIACC 6 ABJIAETCSI KOPHEBBIM, TO BBUJLY €r0 3aMKHYTOCTH OTHOCUTE b~
HO B3ATHS PACIHIUPEHUN TOPSIKYA 6 -TPYII He OrPAHNYEHBI HUKAKUM [EJIbIM THCIOM
U IOTOMY J1t00asi KOHETHO MTOPOXK IeHHAS] HUJIBIIOTEHTHAS I'PYIIIa 6 -OrpaHUIeHA.

Caencrsue 3.3. Ilycre € — KOpHEBOI KJacc pymil, COCTOSIHE U3 TePUOJIH-
wyeckux rpymi, 4 (I') — xkoneunsrii rpag rpymn tuna (1) win (2), kazxknas rpymia G,
(v € ¥) npunagrexxur kinaccy €-BN u Hee # Geoy Ans mobbix e € &, € = *1.
Econ rpynma & €-anmmpokcumupyema, to Bee ee PB(€) -u30/mpoBaHHBIE KOHETHO
MTOPOXKICHHBIE a0CJIEBBI MOATPYIIIBI 6 -OTACUMBL.

OrMmernM, 9TO, B OTJINYUE OT TEOPEMBI 3.2, B cjlejcTBun 3.3 Ha KJacc ¢ He Ha-
KJIaIbIBAETCs TpebOBaHNE 3aMKHYTOCTH OTHOCUTEJIBHO B3ATUs bakTop-rpynn. Kpu-
Tepun % -anmpoKCUMUPYEMOCTH Tpynbl & u3 Teopembl 3.2 U cjiecTBus 3.3 cojep-
2KaT IPUBOJINMBIE HIKe IpeIoykeHus 8.2 u 8.4.

HamomuanMm, aro

— abeJieBa TpyIIa Has3bIBaeTcs ozparusentot (B cmbicsie A. 1. Masnbuesa [2]),
€CJIU B KaXKJI0it ee (paKTOP-TPyIIIe BCe TPUMAPHBIE KOMIIOHEHTHI IEPUOIMIECKON da-
CTH KOHEYHBI;

— pazpelmmMasi rpyIiia Ha3bIBAETCHA 02PGHUYEHHOU, €CIn OHA 00J/1a/1aeT KOHEeY-
HBIM CyOHOPMAJIBHBIM PSIJIOM C OTPAHUYEHHBIMH abesieBbIMUA (PaKTOPAMH.

Od4eBUIHO, YTO BCAKAS MOJUIMK/INIECKAs TPYIINIA SBJISIETCS KOHEYHO MOPOXK-
JIEHHO orpanndeHHoil paspemumMoit. B meficrBuresibHocTr BepHo u obparHoe [32].

Caencrsue 3.4. Ilycrs € — KOpHEBOI KJACC DY, COCTOSIIIHE U3 IEPUHO-
AmgecKux rpynr, u MaokecTBO P3(€) Brmowaer Bce npocteie ucaa. Ilycrp raxoke
¢(I') — xomeunsri rpag rpymr tuma (1) mwmr (2) n Hee # Ge(ey Anst m06bIx € € &,
e = x1. Ecum kaxxaas rpymia G, (v € V') sABjsiercs orpaHHIeHHOl pa3pennMor,
10 B rpynie ® Bce KOHEYHO IOPOKICHHBIC a6esIeBbl IIOATPYIIIBI 6 -OT e/ IHMBL.

OTMeTHM, YTO IOC/Ie/IHEe yTBEPIKIEHNE CILYZKUT YaCTHIHBIM 0000IIEeHIeM CJIe]1-
creust 3 u3 [11].

§ 4. O6 uzoagATOpPaAX MOATPYIIIT

Ilpengmoxenne 4.1. Ilycre € — nponsBoJibHBII KJiacc rpyiir, X — HEKOTopas
rpymmna, Y — ee noarpymnmna. Eciau nonrpynna Y € -oraenuma B rpymie X, To oHA
B(€)'-uz0mmpoBana B 3108 rpynIe.

JIOKA3ATENBLCTBO. Ilpesmmoxenue 5 u3 [33] yrBepxkmaer, 9ro chopmyaInpo-
BaHHOE YTBEP:KICHIE UMEET MECTO, €CJIH KJIACC 6 COCTOUT U3 NePHOIMICCKIX IPYIIL
Eciu ke Knace € cOmep:KHAT XOTd ObI OJHY HEIIEPHOJMYECKYIO TPYIILY, TO MHOMKE-
cTBo PB(%) BRIIIOIAET BCE TPOCTHIE YHCJIA U MOTOMY JTI06asd MOATPYIITIA OKA3BIBAETCST
B(€)'-u30mmpoBaHHOIA.
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ITycTh 4 — NpPOM3BOJBLHBIN KJIACC IPYHIL, B — HEKOTOPOE MHOXKECTBO MPOCTHIX
qnces, X — rpynmna u Y — ee moarpynma. JIerko BuseTh, UTO mepecedeHue Jooo-
ro uncsia €-oraeaumbix (P'-n30JMpOBAHHBIX) TOAIPYIIL IPYIIBL X CHOBA ABJISAETCS
€-oraenumoii (coorBercrBenno PB’-uzosmposanuoit) noarpymnoii. Ilosromy ompe-
JleJIeHbl HaMeHbIIHe 4 -oTaeauMas U 3’ -u301upoBaHHas MOATPYIIIBL, COMEPKAIITE
noarpyniy Y. Mel 6yaeM Ha3bIBaTh UX 6 -3amvikanuem 1 P’ -uzosamopom HoarpyI-
usl Y B rpynme X u o6o3HadaTh cooTBeTCTBEHHO Yepes F-E((X,Y) u P’-Ts(X,Y).
Jlerko BuzeTh, uro P’-us0sarop noarpymmsl Y comepkut MHOKecTBO P'-Rt(X,Y)
ssieMeHTOB rpynnbl X Ttakoe, uro x € P'-Rt(X,Y) rorma m roawpko Torma, Korma
z? € Y pna mexoroporo PB'-umcna q. U3 npemoxkenus 4.1 ciemyer Takzke, 9TO
P(€)-Ts(X,Y) < €-Cl(X,Y).

IIpensioxkenne 4.2 [34, npenyoxenue 4]|. Ilycrs € — npou3BOIBHBI KJace
rpymm, X — €-annpokcuMupyeMmast rpymma, Y — HHJIBIIOTEHTHAS TOJTPYIIIa IPYIT-
mbr X crynenu c¢. Torga nomrpynna €-ClI(X,Y) rakke sBisiercss HHIbOOTEHTHOH
IpynmoH CTyIeHH C.

IIpennoxenue 4.3 [35, reopema 4.5]. ITycrp P — npousBoibHOE MHOXKECTBO
MpoCThIX Yuces, X — JOKaJIbHO HUJILIOTeHTHAs Ipyna, Y — HOATrpYIIa rpymis X .

Torna P'-Is(X,Y) = P'-Rt(X, V).

Ilpengioxenne 4.4. Ilycre € — npousBoJibHBIN Kijacc rpymi, X — € -ai-
npokcuMHupyeMast rpynmna, Y — abesesa nogrpynmna rpymst X . Torga cnpaseamnBer
CJICZTYIOIIHE YTBEPK ICHHSI.

1. Honrpynna PB(€) -Is(X,Y) sBasercs abeneBoii 0 cOBIAaeT ¢ MHOXKECTBOM
PB(F)-RU(X,Y).

2. Ecin Y — sokanbHO nukmdeckas noarpynma, 1o P(€) -Js(X,Y) rakke
JIOKAJIbHO IUKJINIECKAs HOArPYIIA.

JIOKABATEJIBCTBO. Kak yke OBLTIO OTMEYEHO BBIIIE, UMEET MECTO BKJIIOUEHUE
PB(€)-Is(X,Y) < €-CI(X,Y). Ilosromy yrBep:kaeHne 1 BBITEKAET U3 IPEJTIOKE-
auit 4.2 u 4.3. IIposepum yTBepKAeHUE 2.

Jlemma. Eciu x,y € X, (x) — nukaumdeckas HOArpyHIa, MOPOXKICHHAS e
merToM x, u y? € (x) gus Hekoroporo P(€) -uucna q, To moarpynma sgp{z,y}
IUKITIECKAsT.

JIOKABATEJIbCTBO. Be3 morepu o0ITHOCTH MOXKHO CIUTATD, UTO § — HAUMEHb-
mee nosioxkuTesapHoe PB(€) -aucio, ymosiersopsiomee ycioputo y? € (x). Tak
Kak y € P(¥€)'-Is(X, (x)), TO COrIACHO YyTBEPXKAEHUIO 1 CIPABENIUBO PABEHCTBO
[z,y] = 1. Tlycrs wucna k, d, g1, ki Taxosbl, uto y? = ¥, d — nanGombmuit obmuit
nemurens wucen k u q, ¢ = dgy u k = dk;. Torma d — PB(€) -aucmao u (y~ B zkr)d = 1.
Ipynma X %-annpokcuMupyema u B cuity npejgioxenus 4.1 ne umeer P(€)'-kpy-
wenns. Cirrenosarensro, y~ Tz = 1 u y® € (z). Bsuay sbiGopa umcna ¢ 3To
o3Ha4aeT, 9To q = q1 U 1 = d = ku + qu 11 HEKOTOPBIX LIEJbIX Yuces u, v. 'Torma

_ kutqu _  qu,.qu __ u,0\q _ o kutqu __ ku_ kv __ u_v\k
T=uq =y™a? = (y'z")!, y=y =y = (y'a?)
u, cTaso ObITh, IOATPYIIa SEP{x, ¥} mopoxkmaercs smeMeHTOM Y 2?.

IIycrs x,y € PB(€)-Ts(X,Y). Torma cornacHo yTBEPXKIAEHUIO 1 CYIIECTBYIOT
rakue P(€) -uucna ¢ u r, yro x?,y" € Y. Oboznauas depe3 2z IHOPOKIAIOMIUIL
noarpynust sgp{z?,y”} u npuMeHsst JeMMy K SJIEMEHTaM Yy U Z, BUJIUM, UTO TOJI-
rpymma sgp{z,y} IUKInIeckas U MOPOXKIAETCS HEKOTOPBIM 3j1eMeHTOM z1. CHOBa



06 ornemmmocTa abeIeBbIX MOATDYIIIT 215

NIPUMEHSIS JIEMMY, TEIePh yyKe K 3JIEMEHTaM z1 U T, MOJIydaeM, 9TO 3JIeMEHTLI T U Y
[PUHAJJIEXKAT IUKJIXIECKOH moarpyiie sgp{z1, ¢}

Ilpenmoxenne 4.5. Ilycre ¥ — npousBoJibHBIN Kijacc rpymi, X — € -ai-
npokcumupyemas rpynna, Y u Z — ee abenesbl noarpymibl u Y, Z] = 1. Ecuu
moarpynma Y nepuoandeckasi, 1o P(€)'-Is(X,YZ) =Y - P(€)'-Is(X, Z).

JIOKABATEJ/IbCTBO. Eciam kmace 4 COmEpKUT HENEPUOAMIECKUE I'PYIIIBI, TO
PB(E)-Is(X,YZ) =YZ, P(€)-Is(X,Z) = Z u TpebyemMoe PABEHCTBO MMeET Me-
cro. Ilosromy 6yjeM cuurTarb, 9TO KJIACC 6 COCTOUT M3 NEPUOIMUECKUX TPYIII
ux € P(€)-Is(X,YZ) — upoussosbubiit ssement. Ilockosbky rpymna X %-am-
MMpOKCUMHUpyeMa U moarpymma Y Z abeseBa, u3 upeijoxkenns 4.4 BBITEKaET, ITO
PB(E)-Is(X,YZ) = P(€)-R(X,YZ). Cnenosarenbho, x4 = yz s HEKOTO-
pBIx 3eMeHTOB y € Y, z € Z u P(€)-uncna q. Tax kaxk Y — mepumommde-
cKas rpynma u rpynna X % -alnnpoKCUMHUPYeMa, TO MOPSJIOK T 9JIEMEHTa Y KOHEIeH
u 1o npegoxkennto 4.1 spasiercst (%€ )-uncnmom. Beumy mepecTaHOBOYHOCTH 1€~
MEHTOB Y, 2z CIPaBeIUBbI cooTHomenus (z7)? = y"2" = 2" € Z u, crayno ObITh,
" € P(€)'-Is(X, Z). Taxnm obpaszom, z?, 2" € Y - P(€)'-Is(X, Z) n, mocKoIbKy
“qucIa ¢ U 7 B3aMMHO IPOCTHL, € YV - P(F)'-Ts(X, Z). Tem caMbIM JOKA3AHO COOT-
nomrenue P(F)-Is(X,YZ) <Y - P(¥)-Js(X, Z). IIpoTHBOLOIOKHOE BKIIOUCHIE

OYEeBUIIHO.

§ 5. JlokazaTeyqibCcTBO TeopeMbl 2.1

IIpensioxkenne 5.1 [34, npemoxenue 5. Ilycts € — Kiacc rpynir, 3aMKHY-
TBIi OTHOCHTE/ILHO B3THS HOATPYIIT U IPIMBIX IIPOU3BEACHHIT ¢ KOHETHBIM THCJIOM
comuoxkuTeaeit, X — @ -ammpoxkcumupyeMasi rpynna, Y — IoArpymnna rpymmbr X .
Eciu noarpynma Y TpuBHAJIBHO ITEPECEKAETCsS C HEKOTOPOIH MOATrPYIIIOH U3 ceMer-
crBa €*(X), To ona €-oraesma B rpymie X.

Crieyroree yTBEpIKIEHAE CIIy’KUT YACTHBIM CJIydaeM TeopeMbl 2.4 u3 [36].

Ilpengioxkenue 5.2. ITycth € — KOPHEBOI KJIACC TPYIII, COCTOSIIHI U3 EPHO-
JurdecKknx rpymi, u 6 -BN gy — Kiacc Beex C-AB.N -rpymn 6e3 B(EC ) -kpyaenmust.
Iycrs rakxe X — C-BN sp(¢)-amnporcumupyemas rpymma, Y — P(€) -uzomm-
poBannast noarpynma rpyonsl X . Ecau nogrpynna Y rTpuBHaibHO mepecekaercs

€ HEKOTOPOH HOArpyHIIo u3 cemericrea ¢ -BN 233((5) (X), To oHa € -oT e IMMA B Dy T-
e X.

Ilpengioxxenune 5.3. Ilycrb ¢ — kopueBoii kiacc rpymn. Eciu X — cBobos-
Hasl rpymma, To Kaxkaas ee B(€) -uzonupoBaHHasT MUKIHIECKas MOATPYIIa 6 -0T-
JICJTHMA.

JIOKA3ATENBCTBO. Ilycrs Y — PB(%) -uzonmposannas (uKInIecKas HOAIPYI-
ma rpynnbl X ¢ TOPOXKIAONMM i U F YA g — KIace BCeX KOHEYHO TMOPOXKIEHHBIX
HUJIBIIOTEHTHBIX Ipymil 6e3 kpydenus. [Tockonbky rpynmna X FY. A g-annpokcumu-
pyema [37], naitnerca noarpynua M € FEAN (X)), ne conepxainas sementa y. Tax
kak dakrop-rpymnmna X /M He uMeeT KpydeHusi, TO B jeficTuressHoctn Y N M = 1
u 1o nipejioxkenuto 5.1 noarpynna Y FYN g-oraenuma B rpynne X. FEeiun knacc €
COZIEPKUT XOTsi ObI OJ[HY HENEPUOMUECKYIO I'PYIIILY, TO B CHJIy CBOEH 3aMKHYTOCTH
OTHOCUTEJIHHO B3SITUS MOTPYIII ¥ PACIIAPEHUI OH BKJIIOUAET BCE IOJIUIUKINIECKIE
rpymnmnsl, obaajaomue cyGHOPMATBHBIMA PAJAMEA ¢ GECKOHEYHBIMA IMUKJIAIECKAMA
dakropamu. B gacrnocru, F4A o C € u noromMy moarpymnmna Y okasblBaeTcsa 6 -0T-
JesinMoii. Ecim ke Kjracc 4 COCTOUT U3 MTEPUOINYECKUX IPYIIT U 6 -ABN ¢ — Kiaacc
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BCeX €-PB.N -rpynn 6e3 KpydeHus, TO BBUJLY OTMEUYeHHOr0 B §3 F YN o C €-BN g
U €-0TJeIMMOCTh ToArpynibl Y B rpymnmne X obecrednBaeTcs MpejioKeHneM 5.2.

Ilpengoxenne 5.4. Ilycre ¥ — KOpHEBOI Kjacc rpynn u 9 — KJiacc rpyIl,
3aMKHYTBIH OTHOCHTEJIbHO B3siTusi moiarpymn. FEcam B mekoropoii rpymme X Bce
B(€) -uzonupoBannple P-noarpymbl € -0TAeg UMb, TO H B JIIOOOM DACIIUPEHHU
rpymnsr X npu momomu € -rpymibl Bee P(€) -uzommposanabie 9 -H0rpynIe siB-
JISIFOTCST 6 -OT 1€/ TAMBIMH.

JOKABATEJILCTBO. Ilycts Y — mHeKoTOpOE pacmmpenne rpynnsl X ITpu TOMO-
mu 6 -rpyunst, Z — PB(€) -uzonmposannas Z-nonrpymma rpynnsl Y uy € Y\ Z —
POU3BOJIBHBIH 3emenT. Ham mocrarouno ykasars noarpyuny N € €*(Y), ynosie-
TBOpsoINLy1o yeouio y ¢ ZN. Eciu y ¢ ZX, 1o uckoMoii gBiisiercs noarpyima X .
[Tosromy najee 6yzaem cantars, 4T0 Yy € ZX Uy = 2T 1JIsd HEKOTOPLIX 2 € Z, v € X.

Ecou snement g € X u npocroe uncio g € PB(%) rakossl, uro g9 € Z N X,
To g € Z B cuny P(€) -uzonuposannoctu noArpynnsl Z B rpyiie Y U HOTOMY
g € ZNX. Crano 6biTh, noarpyuna ZNX P(€) -uzomuposana B rpymne X, IpuHaJI-
JIEYKUT KJIaccy & BBUJY 3aMKHYTOCTH HOCJIEHEI0 OTHOCUTEJLHO B3STUSI TIOATPYIIIT
n G-ornenuma B X COIVIACHO YCJIOBHIO IpeioxkeHus. Tak kak y ¢ Z, rox ¢ ZNX
U BBUJY JOKA3aHHOrO cylnectyer noarpynna M € €*(X), yuosiersopsioiias co-
orHomenuo = & (Z N X)M.

SadukcupyeM IPOU3BOJBHYIO CHCTEMY S MpeJCTaBUTENel CMEXKHBIX KJIACCOB
rpynosl Y no noarpynne X u moaoxkum N = [ scs s~ 'Ms. Torma moarpymma N
HOpMaJsibHa B rpymme Y, a dakrop-rpymma X/N mo teopeme Pemaka [38, Teope-
ma 4.3.9] BriaaspiBacTes B 1ekapToBo nponssenenue P =[] o X/s™'Ms. Tax kax
BCE COMHOXKUTEJIU 9TOr0 Hpoussenenus u3oMopdubl €-rpyune X /M u unjgekcupy-
I0TCs 37IeMeHTaMu € -rpynnel Y/ X | To 10 omnpeiesieHnio KopHeBoro kiacca P € €.
Beuy 3aMKHYTOCTH Kylacca 6 OTHOCHTEJILHO B3THUsI IOJATPYIIT U PACHIUPEHUN OT-
ciona caeayer, uro X/N € € u Y/N € €. Takum obpazom, N € €*(Y) u N < M.

IIpenmonaras, aroy € ZN uy = z1u JJisl HEKOTOPBIX 21 € Z, u € N, mosydaeM,
aro zz = znqu, u € M < X, 27y =aul € ZNXuzx = (z71z)ue (ZNX)M
Borpeku BeiGopy noarpynnsl M. Crasno 6pirh, y ¢ ZN u noarpynna N ucKoMast.

IIpennoxenue 5.5 [29, upeoxenue 3.4]. Ilycrs € — KopHEBOH Kaacc rpyil,
N e®€*(8) u NNH, =1 musi Bcex e € &, ¢ = £1. Torma cymecrByer noarpymnma
M € €*(®), npeicrapsiomias coboii cBOBOIHOE IPOU3BEICHHE HEKOTOPOH CBOGOJ-
HOI PYIIIBI 1 IPYIUL, BKJaAbIBaomuxcs B noarpymbsl suga N NG, (v € ¥).

JIOKABATEJIBCTBO TEOPEMBI 2.1. Ilycte N — sapo romomopdusMa rpyi-
npl & Ha Tpynny u3 Kiacca €, JefCTBYIONEr0 WHHEKTUBHO HA BCEX BEPIIUHHBIX
rpynnax, %% — KJjacc Py, KaxKIas U3 KOTOPBIX YIOBJIETBOPSET HEKOTOPOMY
HETPUBUAJILHOMY TOXKJIECTBY (He 00S3aTeJbHO OJJHOMY M TOMY ¥Ke JIJIsl BCEX TPYIIII).
[Ipumensis Kk kiraccy € u nogarpymnne N npejioxkenue 5.5, mojydaeM, 9ro rpymmna &
IIpeJICTaBJIsieT COOOi pacCIIMperre HEKOTOPoil ¢cBOOOMHON rpymmbl M mpu momormu
@ -rpynnbl. Tak kak jobas . Z-noarpyiia cBOOOIHOM IPYIIILI ITUKIMIECKast, CO-
rIacHo npenyioxkenuto 5.3 B rpymme M Bee PB(€) -uzonuposannbie ¥ P-noArpy b
€ -oraemumbl. [Tockombky Kiace £ 2 3aMKHYT OTHOCUTELHO B3ATHS HOJAIPYII, OT-
CIofia U U3 npejioxkenus 5.4 caemyer, uro u B rpynme & see P(€) -usonmuposanubie
S P-nonarpyunsl 6-oraeaumbl. Ocraercs: 3aMeTUTh, YTO B JIFOO0OM PACIIUPEHUN CBO-
60/IHOIi IPYIIIBI [IPK IIOMOIIY 6 -IPYIIIbI € MHAYHAs noArpyna B (€ ) -uzomuposana
u npunajiexut kiaccy & 9. Iosromy us €-oraeaumocru Beex P(€ ) -uzonuposan-
HBIX ¥ -TIOJIIPYIII BBITEKAET 6 -allllPOKCUMUPYEMOCTD TPyl &.
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§ 6. O dyHgaMeHTAJIbLHBIX T'PyIIax rpadoB rpymnmn

ITycrs muis kaxkoii Bepruusel v € ¥ B rpyime Gy, BoIOpaHa HEKOTOPast HOPMaJib-
Has moarpynmna R,. Kak u B [17], cemeiicteo # = {R, | v € ¥} Gymem Ha3bIBATH
CUCMEMOTE COBMECTNUMBIT HOPMAALHHLT Nodzpynn TPyl &, ecan 1yts Jo6oro ped-
pa e € & CIpaBeIINBO PABEHCTBO (Re(l) N H+€)g0;i = (Re(_l) NH_)p ! IHycrs
= —1
GU - G’U/RU (U € 4//)7 Re - (Re(:l:l) n H:te)@:l:e (6 € éo)?

He = I’Ie/R6 (6 S é)@), H. = HaeRe(s)/Re(s) (6 S éa7 £ = :|:1).

Jlerko BujieTh, uTo OTOOpakenne P..iHe — Ger) (e € &, € = *1), nepesoss-
ntee cMexkubiil Kiace hRe (h € He) B snement (h@ee)Re(c), KOPPEKTHO OIpe/IesieHO
u gBsercs uzoMopduzMom rpymnsl H, na moarpymiry H... Ilostomy Hapsmy ¢ mc-
XOJTHBIM TpadomM

GT)={, G, (ve?), He (e€ &), @ee (e €&, € ==1))
MOYKHO PacCMOTPeTh rpad IpyIIn
Y2T) =T, G, (ve?), He (e€ &), P, (e€ &, e ==1)),

B KOTOPOM pefpaM COIOCTABJIEHBI T€ ¥Ke HanpasJeHus, uro u B rpade ¢(T).

Eciou npescrasienne dysnamenTansHoii rpynmst 71 (9% (L)) coorsercrByer me-
peBy 7 (a MBI Beerjia Oy1eM MpenosIaraTh, IT0 3TO MMEHHO TaK ), TO TOXKJIECTBEHHOE
orobpazkenue obpazyomux rpynnsl & B rpyuny w1 (Y% (I")) onpenesser ClopbeKTUB-
HBIIT roMOMOp]U3M, KOTOPHBIi Jajee 0603HATAeTC S Yepe3 pgp. HeTpyaHo IOKas3aTh,
9TO SIIPO JAHHOTO TOMOMOP(hU3Ma COBIAAET ¢ HOPMAJILHBIM 3aMBIKAHAEM B I'PYII-
e & MHOXKECTBa Uvea,, R, ukerpy NG, = R, nyst Bcex v € V.

IIycre ¥ — mpousBoJibHBINM KJiace rpymi. Haszosem cucremy # € -donycmu-
Mmoti, eciim cymectByer romomopdusm rpynubl 71 (Y% () wa rpynmny us kiacca €,
JeHCTBYIOMIIT MHbEKTHBHO Ha BCEX BEPIIMHHBIX rpymmax G, (v € 7).

IIpensioxkenme 6.1 [17, npenyoxenue 2|. Ilycte € — NpoM3BOIBHBIN KJIACC
rpyIHIL.

1. Eciu N — nopmasbHas noarpynna rpymiast &, to cemeiicro {N N G, |
v € ¥V} sBJasiercs cucreMoli COBMECTHMBIX HOPMAJIbHBIX HOArpyIil rpyuibl &. Eciu
N € €*(8), o mannas cucrema 6 -I40ILyCTUMA.

2. IIycts Z = {R, | v € ¥} — F-gonycrumas cucreMa COBMECTHMBIX HOD-
MasbHBIX noarpynn rpymnsl ®. Torga matinercs noarpymma N € €*(®) rakas, aro
R, = NNG, g1 scexv € V.

Bcerony nanee, ecmtm N — HopMasbHas moArpymnmna rpynnsl &, To cOOTBETCTBY-
IOIUe CUCTEME COBMECTUMBIX HOPMaJIbHbIX noarpynn Z = {N NG, | v € ¥} rpad
rpyin 9% (T) u romomopdusm pg Gymem obosuauats yepes Yy (T) u py. U3 mpen-
snoxernus 6.1 u Teopembr 2.1 BbITEKAET

IIpensioxkenne 6.2. Ecim € — kopresoii kinacc rpyniiu N € €*(8), To rpymn-
na 1 (9n(T")) €-annpokcumupyema u kaxast ee P (€)' -uzomposannas moaArpyma,
VAOBJIETBOPSIIONIAast HETPUBHAJIHHOMY TOXKJECTBY, 6 -OT e/ IuMA.

Kak u B [1], eciiu A — menycroit cBasubiit noarpad rpada I') To yepes ¥ (A)
Oymem 0b603HaYATH rpad TPYII, BepIInHaM 1 pedpaM KOTOPOTO COIIOCTABJIEHBI T€ YK€
IPYIIbI, HAlpaBjieHus 1 romoMopdusmbl, uro u B rpade ¥4(I'). Ykazauublii moji-
rpad A Gynem Ha3bIBATHL donycmumoim, ecan rpad AN T CayKUT MaKCUMAJILHBIM
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nomepesoM B rpacde A. Bcerogy majee, roBopst o gomycrumom noarpade A, Oyaem
[PEJIIONIAraTh, 9To npejacTasaenue rpynnst 71 (4 (A)) coorsercryer nepesy AN T .
Herpynao mokasats (cM., HanpuMmep, [17, npegioxkenue 1]), 9To npu TaKOM MPEIIO-
JIOXKEHUU TOZKJIECTBEHHOE 0ToOpazkenue obpasytonux rpyumnst 71 (¥4 (A)) B rpyumy &
OIIPEJIEJISIET UHBEKTUBHBIA roMoMopdusmM u noromy rpyuiy w1 (¥4 (A)) MoxkHO cuu-
TaTh NOATPYIIIOi rpynibl &.

IIpensioxkenune 6.3 [17, npemnoxkenne 3|. Ilycte A — gomycrumblii noarpag
rpacgpa I' u npencrapiaenue rpynnbst §) = 71(9(A)) coorBercrByer gepey AN T .
Ecin N — vopmasibHast moarpymnma rpyansl & uw M = N N $, 1o romomopusm py
npososKaer romoMopgusM par: §H — w1 (Gar(A)).

IIpensioxkenue 6.4 [1, npemnoxkenne 8|. JIist 06X KOHETHBIX TOJMHOXKECTB
v'Cy¥,8 C&, S C G cymecrByer gomyctuMblii KoHeuHbIH noarpag A rpaca T,
yaosaerBopsomuii yeaosuio S C 71 (9 (A)) u comepxkamuii Bce Bepiumbl uz V'
u Bce pebpa u3 &

§ 7. llokazaTesbcTBa TeopeMbl 2.3 U cjaeacTBuda 2.4

Ipennoxenue 7.1 [17, upemnoxenue 4|. ITycrs 1 — memycroe cemeicTBO
HOPMAJIbHBIX MTOJIPYIIT ITPYIIIEI & H BBIIOJIHSIIOTCS CIELYIOUIHE YCIOBHUSL:

() VLM e QAN e QN < LNM;

(B) Yo €V NyeaNNGy) =1

(v) Vee &, e = +£1 ﬂNEQ H.. (NN Ge(a)) =H,..

Ilycrp rakxke rpag I' konewen. Ecsm Bepmuba v € ¥ u noarpynmna X < G,
TakoBBI, 9TO0 [ |yco X (NNG,) = X, To A kaxoro snementa g € &\ X naiirerca
moarpymma N € ), ynosierBopsiomasi coorromenuto gpy ¢ Xpn. B gacrrocrTw,
ecan g € 6\ {1}, To gpn # 1 mast Hekoropoii noarpynmer N € Q.

Berogy nasee, ecim {2 — HemycToe ceMelcTBO MOArpymil rpyrmnbl &, To we-
pe3 Dqo(B) Gymem o603HAYATH CeMEHCTBO MAp MOATPYIINI TOH Ke I'PYIIBI, OMpe-
nesientoe cienyronmm obpazom: (X,Y) € Dq(B) rorma u TOABKO TOrA, KOTJa
BBIMIOJTHSIETCS OJIHO U3 CJIEJYIONIMX JIBYX YTBEPKICHUI:

(Aq) X — KoHEYHO MOpOXKJIEeHHAs abesieBa MOArPYIIa HEKOTOPOoil rpytmsl G,
(ve?),Y =1u\ycoa X(NNG,) # X;

(o) X — KOHEYHO HOPOKJIEHHAs abesieBa IMOArpyIiia HeKOTopoit rpynsl He,
(e€ &, e==1),Y — Geckoneunas mukmIecKas noarpyma, [ X, Y] =1, Y NG =1
u ﬂNEQ X(NN Ge(e)) + X.

IMosoxum Takzxke Ao (B) = {XY | (X,Y) € Da(6)}.

Ilpengioxxenune 7.2. Ilyctb € — KopHeBoii kjiacc rpyiim, ) — HemycToe moj-
MHOXKeCTBO cemericTBa € *(®) u Bemosnsorcss yeaosus (a)—(y) u3 dopMymupos-
ku npemtoxkenus: 7.1. Ilycre rakxke A — sgoimycrumblii moarpag rpaca I', § =
T(9(A) u=Z={Nn$H|N e Q}. Torga cupaBeyIHBbI CJACLYIONIHE Y TBEPAK ICHHUSI.

1. CemericTBo Z HemycTo u cogepxkurcs B 6€*($)); rpad A, rpynna ) u cemeri-
crBO 2 yyoBerBopsitor ycaosusMm (a)—(7y).

2. Eciu A — P(€) -uzosmpopannas noarpynna rpyisl &, He COUPIKEHHA
HU ¢ Kakoi noarpynmoi uz cemericrba Aq(®), u A < §, ro noarpymnna A PB(€) -uso-
JIIPOBaHA B IPyIiie §) U He COIIPSZKeHa HU ¢ KaKoil moarpynmnoi uz cemeiicrea Az=(5).

3. Ecim A — abeseBa nogrpynmna rpymisl ), g € S\ A, N € Q u M =
N N $H, to nz coornomennst gppr ¢ P(C) -Ts(Hpar, Apar) cmenyer, aro gpn &
P(¢)'-Is(Gpn, Apn).
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JOKABATEJLCTBO. 1. OueBumHO, YTO CeMEHCTBO = HEIIYCTO U YIOBJIETBOPSIET
yeaosuio («). V3 ero onpesesieHnst JIETKO CJIELYeT, UTO Jisl JIEOOOH moarpymmsl X
rpymunsl & u jist J1000i Bepuab! v Tpada A uMeeT MeCcTo PaBeHCTBO

(1 X(NNGy) = [ X(MNG,).

NeQ Mec=

IMosromy mast tpada A, rpynmsl ) u cemeiicta = BBINONHAIOTCS yeaosust (5), ()
u, kpome Toro, Dz($) C D (6) u A=(H) C Ao (). Ocraercsa 3aMeTUTH, UTO €CIU
NeQuM=NnH, 10N € €*(8), H/(NNH) 2 HN/N < &/N € € u, 10CKOIbKY
KJIaCC ¢’ 3aMKHYT OTHOCHTEJILHO B3aTHs noarpymit, §)/(NN$H) € €. CremosaTensHo,
ECE(H).

2. U3 ycranosnennoro Beime cootnomennst A=($H) C Ao (B) BBITEKAaeT, UTO
noArpynmna A He comnpskeHa HH € Kakoil moarpynmoi uz cemeiicta A=z($). Ee
PB(€)'-n30MpPOBAHHOCTD B TPYIIIE §) OUEBH/IHA.

3. B cuny npemyoxxenuns 6.3 romoMopdusM p IPOI0IKAET TOMOMOPMOU3M pPir,
otkyza gpn ¢ P(€)'-Is(Hpn, Apn). U3 npemmoxenus: 4.4 u €-annpokcuMupye-
MOCTH Tpynibl $pp, UMEIOMEH MECTO COMJIACHO HPEJIOXKEHUIo 6.2, cieayer, uro
noarpynna Jy = PB(€)'-Ts(Gpn, Apn) abeneBa u COBIAJAET ¢ MHOKECTBOM Ry =
PB(E)-Rt(GSpn, Apn ). peanonaras, uro gon € Ry, U3 cOOTHOMEHUHE gpN € HPN
u Apy < Hpn mosrydaem, 4To

gpn € P(E)-R(Hpn, Apn) < B(€)-Ts(Hpn, Apn)
B IIPOTUBOPEYNE C yCTAHOBJIEHHBIM paHee. 3HAUUT, gpN ¢ Ty .

IIpu noxaszaTesnbCcTBE CIEAYIONIETO IPEJIOKEHNS O€3 JTOTIOTHUTEbHBIX [T0sSICHE-
Huii GyJieM UCH0JIb30BaTh MOHATHsI U 0003HaYeHUs, BBejeHHble B § 2 crarbu [1]. dia
CCBIJIOK Ha TpeJytoxkeHus 3, 5 u 6 310t paboTe! OyIeM MPUMEHSTh Bbipakenus 1.3,
1.5 u 1.6 cooTBeTcTBEHHO.

Ilpengoxenne 7.3. Ilycre ¥ — KopHeBoii Kjacc rpyiil, ' — KoHedHbIi rpad,
Q — Hemycroe MOJAMHOXKeCTBO ceMelicTBa €*(®) u Bomoanstorcs yceaoBusi (o) —(7)
u3 ¢opmyauposku upejioxenns 7.1. Eciu A — P(€) -uzomupoBannas KOHEYHO
MTOPOZK IeHHAa st abeJIeBa IoArpynia rpymisl &, He CONPsI>KeHHAS HU ¢ KaKOH HOATPyTI-
moit u3 cemericrBa Aq (), To s moboro saementa g € & \ A Haljzercs moarpymnna

N € Q rakas, aro gpn ¢ P(€)'-Is(Gpn, Apn).

JIOKABATEJIbCTBO. 3aMeTuM IIPEXK/Ie BCETO, UTO JIJIs JIIOObIX moArpyisl N € ()
u vemMenTa u € & crpaBeJInBO PaBEHCTBO

PB(E)'-Ts(Gpn, (u™' Au)pn) = (upn) " B(E)-Ts(Gpn, Apn) (upn)

u noromy u3 coornomenus (u~tgu)py & P(€)-Is(Gpn, (u™tAu)py) caenyer, uto
gpn ¢ PB(€) -Ts(Gpn, Apn). Takum obpasom, smemenT g u moarpymny A mpu meob-
XOJIIMOCTH MOXKHO 3aMEHUTh UX 00pa3aMy OTHOCHTEJHLHO HEKOTOPOTO BHYTPEHHErO
aBTOMOpdu3Ma rpymmnst 8.

JokazaTebCcTBO Oy/ieM BeCTH MHJIYKITHEH 110 ducity pebep, He MPUHAJIeKAIITIX
JiepeBy 7, IpUYEM CHaYaJIa BBIIIOJHUM WH/LYKTUBHBIA IIar, a y2Ke 3aTeéM IIPOBEPUM
6a3y uHyKIMu. [IpemosoKumM, 970 UMeeTCsl TI0 KpaiiHeil Mepe OJ[HO He BXOJAIIee
B J pebpo f, u obozuauum depe3 A rpad, nmomyuatonmiics u3 ' myrem yraaenus
mauHoro pebpa. Torma rpynna & mpeacrasisier coboit HNN-pacmupenune rpymnmst
B = m1(4(A)) ¢ npoxonuoit GykBoii ty u cBs3aHHBIME mOArpymnamu Hyp u H_;.
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Jlemwma 1. Ilycrs x — npou3BoibHBIH 3/1eMeHT yKa3aHHOro Beirre HNN-paciim-
penns u zot3 Ty ... 13" 2, — HeKoTopas ero npuseiennas samuch. Torna Haiiercs
takass nogrpynmna M € Q, gro s smoboit noarpynnsr N € ), sexameii B M,
CIIPABEJJIUBBI CJIEYIOUINE yTBEPXKICHUS:

a) B rpynne Gpy (pacemarpusaemori kak HNN-pacumpenune rpynmst Bpy ¢ Ipo-
XoAHOI OYyKBOIt ty W cBA3aHHBIMA moArpynHamm Hy ¢p N ) IIPOU3BEICHHE

TopNLF T1PN - 1 TPy

CJIy2KHT INIPABEACHHON 3aIIUCHIO 3JICMCHTa T PN ; B JACTHOCTH, €CJIU 3JICMEHT T HElIPH-
MHTHBEH, TO 3JICMCHT XPN TaK>ke HCIIpDUMHUTHBCH,
— €1 Eno
6) ecmaxy =1mut F Ty U 2, — IUKIHYECKH NPHBE/ICHHAs 3aINCh 3JIEMeH-

Ta x, TO t5' 2 N A — IUKJITIECKH OPUBEJEeHHAs 3aIliCh JIEMEHTA TP ;.
5 1PN f TnPN N

JIOKABATEJIBCTBO. g xkazxoro i € {0, ..., n} oupegeaum noarpymy L; € Q
caepytomum obpazom. Ecim 1 < i < n—1,¢&; = —€;41 1, clie1oBaTebHO, T; ¢ H_.y,
BOCIIOJIB3yeMCsI IIpejioxkenneM 7.1 u Haiigem roarpyiiy L; € €, yI10BJIeTBOPSIOILY 0
yenoBuio xipr, ¢ H_c.fpr,. BEcm xg =1, €, = —&1 u x,, ¢ H_., y, aHAJIOIUIHBIM

o6paszoM BeIOepeM noArpymiy L, € Q takyio, 9410 Z,pr, ¢ H_., tpr,. B ocranbmbix
cilydasix B KadecTBe L; BO3bMEM IPOU3BOJIbHYIO IIOArPYIILY (HEIYCTOrO [0 YCJIOBUIO)
cemeiictBa (.

IMycrs L = Ng<j<p Lis N € Q@ u N < L. Torma ker py < ker pr,, aist o60oro
i €{0,...,n}. Orciona B cuy BBiGopa moarpyms: L; (0 < i < n) caemyer, 4ro ecim
1<i<n-—1lwueg = —¢€j1, 10 Tipn ¢ H_.,tpN, aecmm xg = 1, €, = —€1 1 Ty, ¢
H_. ;,toxnpn ¢ H_¢, pn. 3HAUUT, HCKOMOIL siBIIsieTC JiI06ast moarpynma M € 2,
Jexkamasi B L (CylecTBoBaHne TAKUX IOATPYIII FAPAHTUPYETCsl yCaoBueM (v)).

BBuny crmemammnoro B Havasie JI0Ka3aTeJIbCTBA 3aMeYaHUs W IpeJJIoKeHus 1.5
0e3 1oTepu OOIIHOCTU MOYXKHO CYUTATD, YTO HOArpyIma A jgubo CoIepKUTCs B IPyIl-
e B, smbO PACKIAIBIBAETCS B MpsiMOe mpouseeieHne X X (y), Tje y — HenpuMu-
TUBHBIHA IUKJITIecKu npusegeHnbtit ajgement, X < Hy nma X < H_;. Ilojgoxum
E={NNB| N € Q} u paccMOTPUM TPU CIIyUasl.

Cnyvuan 1. A <'B, g € B.

Tak kak A sBjsieTcs, 0YeBUIHO, JOIYCTUMBIM Imoirpadom rpada I', BBUIY
yrBepxkaeHnit 1 u 2 npeoxkenus 7.2 rpad A, rpynna B, cemelicTBO = U TOATPYII-
na A yJIOBJIETBODSIOT YCJOBUSM HACTOSAIIErO Ipeioxkenus. 1lockoibky g € B\ A,
OTCIOJIa U W3 MHIYKTUBHOTO IIPEJIIOJIOKEHUST BBITEKAET CYIIECTBOBAHNUE IO DY IIIIbI
M € =, ynosaersopsitomeit yeiosuto gpyr ¢ PB(E€) -Ts(Bpar, Apar). Ecom nonrpyn-
na N € Q) rakoBa, uro M = N N*B, TO COMIACHO yTBEPKICHUIO 3 PEJIOKEHUs 7.2
gpn & P(€) -Ts(Bpn, Apn). CrenoBaresbho, noarpymna N uckoMasi.

Cnyuann 2. A<B, g ¢ B.

Tak xak g ¢ B, corsacHo jemMme 1 Haiigerca noarpyumna N € , yuoBieTBopsi-
fomas yenosuto gpy ¢ Bpn. okaxem, aro P(€) -Ts(Gpn, Apn) < Bpn u, crano
ObITh, moarpynmna N uckomas.

B camowm giete, eciin Kytace 6 COAEPIKUT HENEPUOIUICCKUE IPYIIILI, TO

P(€)-Is(Gpn, Apn) = Apn < Bpn.

[TosroMy OyeM cYUTATH, YTO KJIACC 6 COCTOUT M3 MEPUOAUIECKUX I'PYIIL. TakK Kak

NeQC%*(®)u
Gupy =~ Gy/Gy NN = G,N/N < /N
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st Bcex v € ¥, 1o Hiyjpy u H_ypn — mepuomudeckue P(€)-rpymner. B cmry
npemioxkerns: 6.2 rpymnna $py 6 -anmpokcumupyeMa W, CJeJ0BATENHHO, HE HMe-
er P(¥) -kpyuenns. SBuauur, noarpyunsl Hyrpy u H_;pn P(%) -usomuposanst
B rpynmne Gpy U, B 9aCTHOCTH,

P(6)-Rt(Gpn, H, pn) = Hippn, PB(C)-RU(Spn, H_jpn) = H_spn.

Beuny npemnoxkenust 1.6 orcrona caenyer, uro P(€)'-Rt(GSpn, Apn) < Bpn. Ocra-
eTcsl 3aMeTHUTh, 9TO HOArpymmna Apy abejeBa U 10 IPEIJIOKEHUIO 4.4

P(€)-T5(Gpn, Apn) = P(C)-R(Spn, Apn).

Cnyuant 3. A= X x (y), e Yy — HENPUMATUBHBIA TIMKIMIECKA TIPUBEICHHBII
anement, X < H yum X < H_y.

IIycrs § = £1 — Takoe unciuo, uro X < Hsy, u r — nauboabumit PB(%) -memu-
resib uncaa £(y). Tak kak noarpynmna A 9B(%€)'-uzomuposana B rpymie & u g ¢ A,
o g ¢ X ug ¢ A B uacraoctu, ecim £(g)r = £(y)s Jyisl HEKOTOPOTO IEJIO-
ro s > 0, o y °¢",y °¢g"" ¢ X. IloCKOJbKY 3JIEMEHT Yy IMKJIMIECKU [PUBEIEH
U HENPUMUTHUBEH, 3JIEMEHT Y™ COIVIACHO MPEIOKEHHIO 1.3 TakyKe ABJIAETCS HEIPU-
MHUTHBHBIM 11 joboro n > 0. 3mauwt, (y) N Gy = 1 m, ecmm moarpymma
X = Nyea X(N N Gys)) ormruna or X, To anst napsl noarpynn (X, (y)) cnpa-
BeMBO yTBepKiaeHue (ug). Ho torma A € Aq(®) B npoTruBOpetune ¢ mpemoso-
skemmeM. J3uaunt, X — X M B CUJIy IIPeJIOXKeHHs 7.1 CyIIECTBYIOT IIOAIPYIIIBI
Lo,Ly,L_1 € §Q raxue, uro gpr, ¢ Xpr, 4, ecmu £(g)r = £(y)s yist HEKOTOPOIO
nesoro s > 0, To (y~*¢°")pr, ¢ Xpr, (0 = £1).

IMonb3yscek aemmoit 1 u yeaosuem (), Beibepem moarpynmy N € Q Tax, 910661
BbIoJHgAuCh coorromeruss N < L_q N Lo N L1, £(gpn) = £(g9), L(ypn) = £(y)
7 3JIEMEHT YpN HO-IIPE;KHEMY SBJISIICS IUKJIXYICCKH NMPUBEIeHHBIM. OTMETHM, 9TOo
torma ker py < kerpr,, 1 € {—1,0,1}. Tosromy gpon ¢ Xpn n, ecim £(g)r = £(y)s
171 HeKoToporo 1esioro s > 0, To (y~*¢ ) pn ¢ Xpn (0 = £1).

Tax Kak ypN — HEIPUMUTHBHBINA IIUKJINICCKU IPUBEICHHDII 3JIEMEHT, TO B CUILY
npeyIosKenns 1.3 U3 Hero He MOTYT U3BJIEKATLCS KOPHHU CKOJIb YTOJHO BBICOKOIL CTe-
menn. [TockonbKy rpymmna py COMIACHO TPEJIOKEHUIO 6.2 € -anmpoKCuMupyeMa,
u3 npesyiozkenns 4.4 Temeps cieyet, uto noarpynma Y y = B(€)-Ts(Gpn, (yon))
nuksmaeckast. O603HAYMNM Uepes 2y, TAKOIL ee HOPOXKAAIONINI, 4TO 25, = Yy JIsl HEKO-
roporo g > 0. Torma cornacno npeioxkenuio 1.3 2y — HENPUMHUTHBHBIN DUKJIAIE-
cku npuBeieHHBIH ssieMenT U ¢ | £(ypn) = £(y). TIoCKONBKY ¢ SIBJISIETCsI, OUEBH/THO,
B(F)'-auciom, orcrona Caemyer, 9To q | 7.

O603naunm 1y1s Kparkoctu noarpyy B(€)-Is(Gpn, Apy) epes Ay u npeji-
nostoxKuM, uTo gpN € An. Ecmm xmacc € cOIep:KUT HeepHOAMYeCKIe IPYIIbL, TO
Any = Apn = Xpn - (ypn) = Xpn - YV N.

B nporusaOM ciydae noarpyrnna X pn COAEPKUTCs B mepuojudeckoii P (€ )-rpymn-
ne Hsppn u u3 npenjiozkenus 4.5 BBITEKaeT, YTO CHOBA Ay = Xpy - Y. Taxkum
obpazom, st HekoTopbix £ = +1, © € X, n > 0 umeer mMecTo paBeHcTBO (gp N)E =
(xpy)2R-

Ecmu n = 0, To gpny € Xpn Bompekn ycranoBieHHoMy panee. Ciie/oBaTeIbHO,
n > 0 u B cwry npemioxenns 1.3 snement (zpy) L (gpy )¢ = 2% UHKIIIECKH TIPH-
Besien u umeet jymEy £(2x)n. B To xe Bpems ouesmano, uto £((xpn) " (gpn)E) =
U(gpn) = €(g9) mnoromy £(g) = £(zn)n. Tak Kak 23, = ypy U T = gk 1y HEKOTOPOLO
nesoro k > 0, 1o 2% = (ypy)* u crosa BBUIY npetowenns 1.3 £(zn)r = L(ypn k.
Canenosarennro, £(g)r = {(zny)rn = L(ypn)kn = £(y)kn u cormacHo BBIGOPY MOA-
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rpymst N mmeior mecro cootsomtenns (y~ *"¢')py ¢ Xpn (# = £1). Ho no-
CKOJIBLKY Tiofrpynna Ay BBHiy npeiokenus 4.4 abesesa, u3 paBeHcTsa (gpy)S =
(zpy )25 BrITeKaer, uto (9py)" = 27 (zpy)" = (ypn) " ()" 1 (Ypn) " (gpn)" €
Xpy. Homydentoe npoTuBopedne JOKa3bIBaeT, IT0 gy ¢ Ay u moarpynma N sB-
JiseTcsl MICKOMOM.

Takum 006paszoM, WHIYKTUBHBIN IIAr BBITOJIHEH. [IpeamosioxKuM Ternepb, ITO
rpacd I' sBjsieTcst jgepeBoM, U Il JIOKA3aTEIbCTBA MPEJJIOKEHUS B 9TOM CJIydae
BOCIIOJIL3YEMCsI MHLYKIUEH 1Mo ancsry BepmmH. Ecmu [N comepsKuT TOIBKO OfHy BEp-
mmny v, 10 A — P(%)’'-u30/upoBanHas KOHEUHO HOPOKICHHAs abeJIeBa HOAIPYIIIa
rpymmet Gy, 1, Tak Kak A ¢ Aq(B), 10 (\yeq AN = A. Crenosarensuo, g ¢ AN
JUIsT HeKOTOpoii moarpymmsl N € ) U 3Ta MOATPYIa OKA3bIBAETC UCKOMOIA, TI0-
CKOJIbKY OTOOparkeHue py B JAHHOM CJIydae MPeJICTaBJsieT cOOO0i eCTeCTBEHHBIH T0-
momopduzm & — & /N, a mobas noarpynna €-rpyunst & /N PB(€) -uzomuposana
B cmty mipeioykenus 4.1.

Jlanee 6yzeM cumTaTh, 9TO B Aepere | mMeercs 1Mo KpaiiHeil Mepe omHO pebpo
f € &. llpu ero ynanenuu I' pacnajiaercs Ha JiBe KOMIIOHEHTBI CBSI3HOCTH; 0003HA-
qum uepe3 A, (¢ = £1) Ty u3 HEX, KOTOpast COIEPKUT Bepiuny f(g), n uepe3 B, —
rpymy 71 (4 (A:)). Torma rpynma & npejcrasisier coboii CBOGOIHOE IPOU3BEIEHIE
rpymn By n B_; ¢ obbeauHeHHBIMI ToATpynmaMu H y w H_j.

JlemMma 2. Ilycts x — NHPOHU3BOJIBHBIH SJEMEHT YKA3aHHOIO CBOOOJHOTO IMPO-
HU3BEJIEHUST U T1Ts9 . ..T, — HEKOTOpAasi ero MpuBeJeHHas 3amuch. Torja Haiigercs
takass nogrpymnma M € €, uro mrs Joboit moarpynmner N € §Q, gexargeit B M,
CHPaBEJJIUBBI CJICAYIOIIHE Y TBEPKICHHS:

a) B rpymme py (paccMaTpuBaeMoii Kak cBOGOIHOe IPOU3BEeHHe Pyl B1 pNn
1 B_1pN ¢ 00besHHEHHBIME HOATPyIIaMi H y ¢ pn) IPOH3BELEHHE T1PNT2PN - - - Tn PN
CJIY2KHT MPUBEJICHHOI 3aIIHCHIO 3JIEMEHTA TP N ; B YACTHOCTH, €CJIH JJICMEHT & HEIPH-
MuTuBeH ([UKIMIECKH [IPUBEJIEH), TO U 9JIEMEHT LpN HeIPUMHTHBEH (COOTBETCTBEH-
HO IUKJIM9ECKH IPUBEJEH);

6) ecmn x € B, \ H.y g mexoroporo € = +1, 10 pn € Bepn \ Heppn.

JOKABATENBCTBO. Ecm x € H.y = H_;, yreepxkiaenne odesunno. Ilo-
9TOMY JaJjiee MOYXKHO CUUTATh, YTO i Kaxaoro ¢ € {1,... n} cymecrByer 4ucio
g; = =£1 rtakoe, uro z; € B, \ He,y u, ecim ¢ < n, TO € # €;11. lloab3ysaco
npejiokenueM 7.1, ngist juo6oro i € {1,...,n} MoxHO BbIGpaTh noarpymry L; € €,
YAOBJIETBOPSIONLYIO YCIOBUIO T;pr, € Be,pr; \ He,rpr,- Eciu N € Qu N < L,,
to ker py < kerpr, u, cienosarensuo, x;pn € Be,pn \ He,rpn. Iosromy mcko-
Moii siBysterc moarpynma M € €, nexxamas B () <, <, Li, CylecTBOBaHmE KOTOPOi
obecrieunBaercs ycaosueM (). -

Kaxk u BoIIie, BBILy CIEJIAHHOTO B HAYAJE JIOKA3ATEILCTBA 3aMeYaHus U [IPe/i-
JioxkeHust 1.5 6e3 morepu OBMIHOCTU MOXKHO CUMTaTh, 4To mnoarpymmna A jaubo co-
Jepkurcs B rpynne B, st HEKOTOpOro € = +1, yimbo pacK/IaabBaeTCs B IPAMOE
npoussesenne X X (y), rje y — HEIPUMATUBHBIA IUKJIUIECKH [IPUBEICHHDIH 3J1e-
ment u X < H ;= H_;. IlosTomy nocraTodno paccMorpers Tpu ciaydas: A < B,
ng€B.; A< B.ug ¢ B.; A= Xx(y), 1€ y — HENPUMUTHUBHBIH IUKIMIECKH TIPH-
Begennblit anement u X < Hy = H_;. PaccyxeHnns, ucrojb3yeMble B KaXKJIOM
U3 HUX, CJIOBO B CJIOBO MOBTOPSIIOT T€, KOTOPbIE TPUMEHSIJIUCH BBIIIE IPU U3y YeHUH
caydaes 1, 2 u 3. HyxHo jums nomoxurs = = {N N B, | N € Q}, zamennts
cumBosibl A, B u = Ha A, B, U =, COOTBETCTBEHHO, & TaKyKe BO BTOPOM U TPEThEM
cJIydasX COCJIaThbCsd Ha JIEMMY 2 BMECTO JIEMMHBI 1.
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JIOKABATEJIbCTBO TEOPEMBI 2.3. I. HEOBXOAUMOCTb. Ilycrs (X,Y) €
DL(6), A = XY u Z — moarpyuna rpynmsl &, cosunajaiomas ¢ G, (ecan Bbl-
nosmsiercst yeosue (AL)) mmn ¢ Gy (ecom Bomonnsiercst yenosue (ui,)). Torma
coriacHo ompejiesiennio cemeficrea DL (8) X < Z, Y NZ = 1 n noarpymna
X = Nyew (@) X (NNZ) ormanaor X. Ilycrs g € X\X. Tornag € Nyew(s) AN
U, 3HAYUT, JIEMEHT ¢ IEPEXOJIUT B 9JIEMEHT HOATPYIILL A IpH KaxK10M roMoMOpdhus-
Me rpymnibl & Ha rpyniy us Kiacca 4. Ecau npennonoxuts, uro g € A u g = xy,
rex € X,y €Y, To nockonsKy g € X < Z, u3 coornomernnit X < Z, Y NZ =1
BbITeKaer, 9ro y = 1 u g € X Boupeku Boibopy vJementa g. Cienosarensho, g ¢ A
u moArpynmna A He orjgenuma B rpymmne & kiaccom €.

Taxum o6pazomM, BCe MOAIPYIIILI U3 CEMENCTBA Qlclg(@') HE SIBJISIIOTCS 6 -0T 161U~
MbiME B &. OYeBHIHO, 9TO TEM Ke CBOMCTBOM 00JIAJIAIOT U IIOAIPYIIIIBI, COMPSI?KEH-
HbIE C HAMHU.

JIOCTATOYHOCTD. Ilycts A — PB(%) -usomupoBanHas KOHETHO TTOPOXKICHHAST
abesieBa noArpynna rpyuns &, He COIps2KEHHAsI HU ¢ KaKOil [TOATrPYIIOi u3 cemeii-
crBa AL(B), n g € &\ A — npousBosbHBIL 31eMeHT. HaM J0cTaTouHO yKasaTb
noarpyniy L € €*(®), yaosiaersopsiontyio coornomenuio g ¢ AL.

IIycre S — KoHEUYHOE MOPOKJaroInee MHOXKECTBO I'pyibl A. CorjiacHO mpeio-
)enuto 6.4, npumensieMomy K MHOXKecTBaMm ¥ = &, &' = @ u S U {g}, cymectsyer
KOHeuHbI# monycrumbiit moarpad A rpada I’ rakoit, aro S U {g} C m1(4(A)). To-
rna A — P(F) -uzonuposannas noarpynna rpynusl ) = m (4 (A)) u g € H\ A.
IMosoxkum ) = €*(&) u nokaxkeMm, 4To mOArpynna A He COIpszKeHA HU C KAKOil
noArpynnoi u3 cemeiicrsa 2Aq ().

B camom pene, uycrs (X,Y) € Dq(®), Z = G, (Upu BBUIOIHEHHH YCJIO-
Bus (\g)) mm Z = G (npm BumosHennn ycnosus (ug)). Ecmr moxrpymma X
PB(¢)"-usomposana B rpynne Z, to XY € AL (S) u coorromenne A »g XY cie-
JlyeT U3 YCJIOBUsI TEOPEMBL. B IMPOTUBHOM CJIyvae CyIEeCTBYIOT 3jeMeHT z € Z \ X
u qucio q € P(¥)' rakue, aro 27 € X. U3 coornomenus Y N Z = 1 BeITEKAET, 4TO
z ¢ XY u noromy noarpymmna XY He siBisiercst (%) -usonmposanHoii B rpynmne 6.
Ciaenosarenbno, A =g XY.

Eciu M, N € €*(®), To 1o Teopeme Pemaxka [38, Teopema 4.3.9| dbaxrop-rpym-
na &/M N N BriaajpBaercs B IpsiMoe npoussesenne €-rpymn & /M, & /N u conep-
JKUTCA B KJIacce 6 B CUILy 3aMKHYTOCTH MOCJIETHETO OTHOCUTEIHHO B3ATH MTOIPYIIIT
n pacmupennii. I3 yka3aHHBIX CBONCTB M HEIYCTOTHI KJIAcCa € CJIeIyeT TaKyKe, ITO
eMy NPHHAJJIEXKUT €IUHAYHAs IPYINa. 3HAYUT, cemeiictBo ) = €*(®) memycro
u ynosiersopsier yciaosuio («) npemiaoxkernst 7.1. ITockosbky yeaosus (8) u (7)
JAHHOTO Mpeyioykenns mpu ) = €*(&) cosmamaior ¢ ycmosusvu (it) u (ii') Teo-
pembr 2.2, k rpady I', rpynmne &, cemeiictey € (), moarpady A u noarpymnme A
MIPUMEHUMO TPEeJIJIOKEeHne 7.2.

B cuiy yrBepxkaenuit 1 u 2 qaHHOTO Ipeioxkenus rpad A, rpymmna ), cemeii-
ctBo Z={NNH|N € €*(6)} u noarpynna A ymoBaeTBOPAIOT yCIOBUSIM MPEIIIO-
skenus 7.3. CornacHo nocjenneMy u3 BKiodenus g € § \ A cieyer, 9ro jijisg HEKO-
Topoit noarpynnsr M € = cupaseninso coorHoenue gpy ¢ P(€)'-Is(Hpar, Apar)-
Orcroma BBUY OIpEJIESICHUS CEMEHCTBA = U YTBEPKIEHUS 3 IIPEJIOKEHUsT 7.2 BbI-
TeKaeT cyiecTBoBanne moarpymnsl N € Q takoit, uto M = NN $H u gon ¢
P(¢)-Is(Gpn, Apn).

U3 npegioxkenust 4.4 u € -annpoKCUMUPYEMOCTH MPYIITb & py, UMEIOIIEeit MecTo
coracHo mpeyioskennio 6.2, cremyer, aro noarpynmna Jy = PB(€)-Ts(Spn, Apn)
siBJisteTcst abesieBoit. [loaromy B crily TOro 2Ke Tpeiozkenus 6.2 HaliieTcst oArpyI-
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na Ly € €*(&pn), yrnosaersopsiomas cooraomenunio gpy ¢ Iy Ly. Ob6o3nauas
qepe3 L moJtHbIi Tpoobpas3 moArpynmsbl Ly OTHOCUTETEHO TOMOMOPMU3MA P, TTOJTY-
qaem, uro L € €*(®) u, rak kak Apy < Iy, 10 g ¢ AL. Craso 6birh, noarpynma L
HCKOMAg.

II. Iyctbv € ¥, X < Gy,

Xi1= [ X(NnG,), X2= () XM
Ne€*(®) Me€*(Gy)

Torma X1 < X, BBumy yreepxkaenus (). C apyroit croponsr, ecmu N € €*(®),
o G,/ NNG, 2 G,N/N < &/N € € u B culy 3aMKHyTOCTH KJacca € OTHO-
curenbuo B3aTha moarpymn N N G, € €*(G,). IHosromy X; = X. Ocraerca
3aMETHTB, YTO PaBeHCTBO X — X9 O3HAYAET € -OTIEIUMOCTD HOArPYIIbl X B IPYI-
e G, u, cTaso 6uih, yerosus (iV), (i), (\L) u (ud,) paBHOCHIBIBL cCoOTBETCTBEHHO
yeaosusm (i2), (ii%), (\2) u (42). Taxum 06pasoM, JTOKA3HIBAEMOE yTBEPIKIEHIe
00ecIeanBaeTCs MepBoil 4aCThIO0 TEOPEMBI.

CJIEACTBUE 2.4 BbITEKAET U3 TeOpeM 2.2, 2.3 U CJIeJYIONIEr0 YTBEPKICHUS.

Ilpenmoxenne 7.4. Ilycre ¥ — KopHeBoii kiacc rpymir. FEcian rpymma &
€ -annpokcuMHupyeMa, TO ee MUKJIHIECKAs IOATPYIIIa COUPIXKEeHa ¢ HEKOTOPOIT 1101
rpymoii uz cemeiicrsa BE(8) (k = 1,2) Torga u ToabKo TOLZA, KOLZA OHA COIPS-
JKeHa ¢ moArpymmoii uz cemeiicra AL (S).

JIOKABATEJIBCTBO. Iockombky BE (&) C AL (8), meobxommiocTs yTBepK Te-
Hust uMeeT Mecto. [IpoBepum mocraTounocTs. IlycTh Z — nukimdeckasi HOATPYIIA
rpymisl &, conpskenHas ¢ noarpynnoi suga XY, rae (X,Y) € DL (8). Ipemo-
JoxkuM, aro napa (X,Y') yJAoBIeTBOpSIET yCIOBUIO (M%)- Torma Y — Geckoneunas
mukmaeckast noarpynna, X < Ge(e) /Ui HEKOTOphIX € € &, ¢ = 1, XY = X x Y
u X £ Xy, rae

71 - ﬂ X(Nﬁ Ge(s))7 72 - ﬂ XM.
Ne%*(®) Me€*(Ge(e))

Kak y»ke 66110 OTMEYIEHO TIPU JO0Ka3aTEIbCTBE yTBep kK aeHus 11 Teopemsr 2.3, u3 3a-
MKHYTOCTH K/JIaCCa ¢ OTHOCHTEIHLHO B3ATUSA MOAIPYIII CJAELyeT, 4T0 Xo < X U IO-
tomy X # X upu so6oM k. Bmecre ¢ TeM, Gy1yun CONPSIZKEHHON ¢ Z, MOATPYIIIa
XY = X x Y asnserca mukandeckoit. Orcioga

IZX#Y1: ﬂ NﬂGe(E)S ﬂ N
NEE*(®) Ne€*(®)

B IPOTUBOPEYHE ¢ € -anpokcumupyeMocTtbio rpymis! &. Cienosarensro, napa (X,Y)
yaoBzersopser yciaosuio (AY) n noromy XY € BE (8).

§ 8. okazareabcrBa TeopeM 3.1, 3.2 u caexacrBmii 3.3, 3.4

TEOPEMA 3.1 BBITeKaeT n3 yTBepxKaeHUs | TeopeMbl 2.3 U HUZKECIIEIYIONEro
npejioxkenus 8.1, obbeauusionmero B cebe yreepxkaenue 2 reopembl 1 u3 [17] u gacr-
HBIH CIydall TeopeMbl 2 TOM Ke paBGoThl (UTOOBI TOMYIUTh MOCJIETHNH, HEOBXOIUMO
B yKasaHHOI Teopeme HookuTh w(x,y) = [T,y] u Lee = Ge(e) As Beex e € &,

e ==£1).
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Ilpengioxxenune 8.1. Ilycrs € — kopHeBoil Kjaacc rpynn u rpymnmna & €-an-
npoxcumupyema. Torma umeer mecro yciosue (it) Teopembr 2.2. Ecmu mrst mo6bix
e € &, ¢ = *1 mogrpynna H.. conepxkurcs B rpyniie Ge.) COOCTBEHHBIM 00pa3oM

1 .
H JIEKHT B €€ [EHTPe, TO BBIIOJIHSETCS H ycaoue (i) yKasaHHOH T€OPEMBI.

IIpennoxenue 8.2 [11, upeyoxenue 10, reopema 4]. Ilycrs € — KopHeBoit
KJIACC IPYI, 3aMKHYTBIH OTHOCHTEIBLHO B3STHS (PAKTOP-TPYIII, U BBIIOJIHICTCS XO-
Ts1 6Bl OHO U3 CJCAYIOUIUX yCJIOBHUIL:

1) 4(T") — roneunbli rpa¢ rpynn tuna (1) u ams Kaxkaoil BepuuHbl v € Y
rpymna G, €-perynsapra o nogrpyime Hy;

2) 4(I') — xoneunsiii rpa¢p rpynn tumna (2) u arsa Jaobeix € € &, ¢ = +1
rpymma Gy €-peryspua o noarpymme He.

Torma cupaBeIIBbI CJACAYIOUIHE Y TBEPK ICHHSL.

1. JLnst mobbix u € ¥V, L € €*(G.) cymecrByer € -40mycruMas CACTEMa COB-
MecTuMbIX HOpMaJibHbIX moarpyin # = {R, | v € ¥} rakas, uro R, < L.

. Ecmm Hee # Gegey A1 Bcex e € &, € = *1, To rpymma & € -annpokcumn-
pyeMa TorJa u TOJILKO Toraa, Korga Bee rpymmsl G, (v € V) € -anmpokcumupyembr
u jist obeix e € &, € = 1 moarpynna H.. ¢-otnemma B rpymie G-

JIOKABATEJILCTBO TEOPEMBI 3.2. O6benunss npejoxkenne 6.1 u yreepxKie-
nue I npenynoxkenus 8.2, mosydaeMm, 4To Ay rpynnbl & CIpaBelyInBO yTBEPIK/Ie-
nue (*) uz dpopmynuposku Teopembl 2.2. Coracuo yreepxkiuenuio 11 mpemioxe-
Husl 8.2 6 -almpoKCUMUPYEMOCTh TpyHibl & BjiedeT 3a cOOOW BBITOJIHEHUE YCJIO-
it (i) u (ii?) Toif ke Teopembl. II09TOMY JOKA3BIBAEMOE YTBEDIKICHHE CIIEIYeT
u3 yrBepxkaenus 11 Treopembr 2.3.

IIpuBonnmbie nasee mpepyoxkenus 8.3 m 8.4 ABIAIOTCA YACTHBIMU CJTyJIasMU
yTBepKIenuii u3 [36]: nepsoe BbITeKaeT u3 npejiozkenus 6.3 u TeopeMbl 2.2, BTO-
poe — u3 Teopem 3.5 u 3.6.

Ilpengioxkenune 8.3. Ilycrs € — KOpHEBOI KJIacC IPYII, COCTOSINUI U3 MTEPH-
onuueckux rpymi, u X — €-BAN -rpynna. Torma rpynna X 6 -peryJspHa 1o Jiro-
60it cBoeit nenTpaabHOI HoArpyime u kaxiaas ee PB(€) -uzoupopannas moArpymna
& -oTneanma.

Ilpenagioxkenue 8.4. Ilycrs € — KOpHEBOI KJIACC IPYII, COCTOSINMUE U3 MTEPH-
ommaeckux rpynm, &(I') — xomeunsiit rpach rpynmn tama (1) mmm (2) u Hee # Ge(e
Juist Beex e € &, € = +1. Ecum kaxknas rpymna Gy, (v € V) OpUHAIEXKUT KJIAC-
cy €-BN u me nueer P(€) -kpyaenus, To rpymma & € -anmpoxkcuMEpyeMa TOTIA
H TOJIBKO TOIJIA, KOIJa Jist Jo0bIx e € &, ¢ = +1 moarpynna H.. PB(€) -uzomupo-
BaHa B rpymme Ge ).

Crenyroree yTBepKieHne OO beUHSIET B cebe JacTHBIE CIydau IpeIoXKennit 14
u 16 u3 [11].

Ilpengioxkenue 8.5. Ilycrs € — KOpHEBOI KJIacC PYII, COCTOSINMUI U3 MTEPH-
OIMYIEeCKUX TPYIII U 3aMKHYTBIH OTHOCHTEJIBHO B3sATHs pakTop-rpymi. Ecam muO-
sxectBo P(€) BrIOYAET Bee IPOCThIE YUCIIA, TO BCIKAS OIPDAHHYCHHAS PA3PEIIHMAS
rpyumna € -peryJisipHa 1o Jir000ii cBOel LeHTpaJIbHOH HOJArpyIie U 00J1a4aeT CBOLH-
CTBOM € -OTA€JTMMOCTH BCEX TIOATPYIIIL

IIpennoxxenue 8.6 [11, ciencrsue 3|. Ilycrs € — KOpHEBOI KJacc rpyiil,
coCToAmMMAI U3 MePHOAWIECKAX TPYIH, W MHOXKECTBO B(€’) BKIOIaET BCe MPOCTHIE
ancaa. Ilycre rakxe 4 (I') — npoussosbasi rpag rpymn tuna (1) wim KoHeHBIH
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rpa¢ rpymu tuna (2). Ecau Bce rpymnbt Gy, (v € V) sSBISIOTCS OrpAHUYEHHBIMU
DPAa3peruMbIMiU, TO rpymna & & -annpokcuMupyeMa.

CupaBeyIMBOCTD CIIELYIONIETrO YTBEPKICHNS YCTAHOBICHA B XOJIE JTOKA3ATEb-
cTBa TIpejIoXKenHus 8.7 u3 [36].

Ilpengoxenune 8.7. Ilycrs € — KOPHEBOII KJIACC I'PYIII, COCTOSIIHIT U3 IIEPUHO-
JHYECKHUX IPYIIL, U 9 — HOJKJIACC KJIACCa IePHOIuIecKuX pasperuMblx (€ )-rpyi
KOHEYHOIO TI€PUOJIA, COCTABJICHHBII U3 BCEX I'PYIHII, MOIHOCTH KAXKJJOH U3 KOTOPBIX
HEe IIPEBOCXOJAT MOIHOCTH HEKOTOPOit 6 -rpyniiel (He 06s13aTeIbHO OHOI U TOH Ke
JUIs Beex rpynm u3 Kaacca 9). Torma 9 — KOpHEBOI KJacc, COCTOSIIIHN U3 I1e-
PHOIAHIECKHX TPYIIT H 3aMKHYTBIH OTHOCHTEJBHO B3situsi hakrop-rpymni, 9 C €,
B(D) =P(€) u D-BN = C-BN .

JOKABATEJIbCTBO CJIEACTBUA 3.3. 3aMeTuM, 4TO COTJIACHO IIpejiozKeHuto 4.1
orcyrcrBue P(€) -Kpydenus B Kazk10#i BEPIIMHHON IPYIIIE BIAETCS HEOOXOUMbBIM
yesioBueM 6 -ammnpokcumupyemoctu rpynmibl &. [Tosromy B cuty tpeioxkenus 8.4
B POPMYIMPOBKE JTOKA3BIBAEMOTO CJIEJICTBUS CJIOBA «Ipymia & & -anmpoKCuMupye-
Ma» MOXKHO 3aMEHUTb Ha «Bce rpymusl G, (v € ¥) me umetor P(%) -xpyuenus
u s 00X e € &, € = £1 noarpyma H.. PB(%)'-uzomuposana B rpymme Ge(c)».
Bynem cunraTh masnee, 9TO TaK U CIIETAHO.

IMycrs A — P(€)’-u30aupoBannas KOHEIHO MOPOXKICHHAA abesieBa IMOAIpyIa
rpynnsl & u P — Kjacc rpynn u3 npeaioxkenus 8.7. Torma npu 3amene Kjiacca €
Ha &) BCe yCJIOBHUSI M3 HOBOI (DOPMYJIMPOBKH JIOKA3BIBAEMOI'O CJIEJICTBUS OCTAIOTCS
BBITIOJIHEHHBIMU. [Ipu Takux ycsioBusix rpytima & Z-animpokKCuMupyemMa B CUILY Ipe/i-
nozxkennst 8.4. Coruacuo npeyoxennio 8.3 A2, (8) = & u Besikas rpymna Gy, (v € ¥)
9-peryasipaa kak 1o mnoirpyiue H,, tak u 1o kaxnoil noarpyumne H.. (e € &,
e = 1, v = e(e)). HockoabKy Kaacc 2 3aMKHYT OTHOCHTEJIBHO B3ATUsI (HaKTOD-
IPYIII, U3 TEOPEeMbI 3.2 Terephb CJieyeT, 9To noarpynna A Z-oraenuma B rpyime &.
Ocraercst 3aMeTUTD, 9YTO B CHJLY IIPeJJIoXKeHus 8.7 clipaBeyInBo BKJwueHue 9 C €
U [IOTOMY MOArpyIIa A OKa3bIBAETCS OTIEIUMON U KJIACCOM 6 .

JOKABATEJILCTBO CJIEACTBUA 3.4. Bocmosp3yemcs Toil ke cXeMoil paccyK-
Jennii, yro u Bbine. Ilockosbky MHOXKeCTBO (€ BKIIOUAET BCE MPOCTHIE YHUCIIA,
KaskJ1asl TIOJIIPYIIIa AaBTOMATHIECKN OKa3biBaeTcs P (6 ) -usonmupoBanHoi. 3aMeHstst
IPU HEOOXOMMOCTH KJIACC 6 KaaccoM & u3 HhopMyJIupOBKHY IIpe/iioykenus 8.7, Oy-
JIEM CYUTATH €ro Jjiajee 3aMKHYTBIM OTHOCHTEJILHO B3STUSI (DAKTOP-IPYIIIL. DTO O3~
BOJIFET BOCIOIb30BATHCS MIPEJIOKEHNEM 8.5, COTTIACHO KOTOPOMY Ql?g((’ﬁ) = J u BCd-
kag rpymna G, (v € ¥') €-perynspna 1o Jio6oil cBoeil IeHTPAILHON HOArPYIIIE.
B cuny npengioxenus 8.6 rpynna & %-annpokcumupyema. Crasio 6bITh, Tpebyemoe
YTBEPK/IEHNE BBITEKAET U3 TEOPEMBI 3.2.
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